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ON HEISENBERG’S SPECTRUM OF TURBULENCE 
By | 
М. В. бех, Calcutta 


(Received January 15, 1951) 


/ 

1. Taylor (1938) first showed that the important properlies of isotropic turbulence 
may be studied with the help of a spectrum function F(k, t), representing the distribution 
of turbulent energy among the wave numbers corresponding to the fluctuations of 
velocity in turbulence. Since then one of the principal aims of the theory has been the 
determination of the spectrum function F. This so far not being possible from the 
equations of mechanics, empirical forms. suggested by various considerations are ћете 
tried for the present. Heisenberg (1949) has recently suggested such а fcrm which 
satisfies the following general equation of decay 


k k 
-Â | re, paw = 20 n9 | FE, pera, (1) 
0 0 


here ть stands for the turbulent viscosity associated with the transit of energy belween 
the parts (0 — k, k — оз) of the spectrum. Heisenberg also puts 


F(k', t 
вк [Зак e) 
k 


К being а numerical constant, When the Reynolds number В is large, corresponding 
to the stage when the inertia terms in the equations of motion are the most important, 
v, the kinematic viscosity may be neglected compared to уь. А solution of the above 
equation having a homologous character has been suggested by Heisenberg in the form 


F(k, t) ~ vi КЕМ) (8) 


An integral -equation for the function f can then be easily obtained. Heisenberg 
further shows that f(z) ~ z for small 2, and ~ 2-08, for large z. This would make 
F(k) ~ К for small k i.e. large eddies, and ~ A-9/5 for theoretically an infinite value бї 
Reynolds number (у ~ 0). This latter result gives the well known Kolmogorcft spectrum ; 
Lin (1947) and Batchelor (1949) have however found from different considerations that 
F(k) ~ k*, for small k. 

Heisenberg has also built up expressions which represent approximate solutions 
of (1)1n good agreement with observat/onal results. Recently Chandrasekhar (1949) 
has given rigorous solution of (1) in the form (8) with numerical tables for f. 


2 N. R. SËN 


In this paper a more general type of homologous solution than 18 représented by (8) 
will be discussed. 
2. We assume a solution of the form 


| А 

Е(Е, t) — K3 Y * Гв, || Ко) (4) 
where 8 = s(r), т = t/t, and k, К are constants, This is substituted in (1). Then 
introducing the Heynolds number E, and the variable z by the equations 


vk = ШЕ, kjky8 = = (5) 
we obtain after some calculation 


[ 2-2. үке )4='— =. 8, ара) = 247, {ть + + [NS - а f a"? (а | (6) 


0 





where 8, denotes ds/dr. We now consider two cases. 


Case 1. В 1. We take the Reynolds number E to be very large corresponding 
to the stage of motion when the fairly high frequency eddies are predominant and the 
turbulent viscosity уь is very large compared to v, во that we may put v = 0, R > co 
in (6). The first summand in the bracket on ‘the right of (6) may then be put equal 
to zero. 


The resulting equation we can satisfy by putting (though not ав necessary condition), 
firstly 


which has as solution 
8 = are | (7) 


а and c being constants; the function f(x) then satisfies the equation 


21-5) | јаја — oaf(e) = 2 | Мери f тах. (8 
0 z 0 
The solution (4) in the present case has the form 


1 
F(x, t) = ў 3s - а (К је о (КИ (titas). (9) 
Here we have dropped a homology constant а independent of the time, and note that wa 
have also the property first stated by Heisenberg that with f(x), «2 (02) 18 also а solution. 


The particular case c = 1/2, in (9) gives the form of solution discussed by Heisenberg. 
We limit c to values nob exeeding 2/8. 


Asymptotic values of f(z):—The function f(x) is determined ‘by the above 
equation (9). We can find the behaviour of Ка) as 2 > 0 thus. 
We note that ав 


f(&') ~ f(z) + (x= g) (0) 8. (x0), 
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* 3 
|| afir jdr ~ 2 f(x). (= — 0). 
0 
Differentiating (8) with respect to z and using (10) we have 


2—80C _ C + 1 f*. [Ve , 
mum sok GERI > 0). 
дизао Er: t3 xt ere 
Differentiating this agam with respect to z, multiplying by =, and simplifying we 
obtain the equation 





(2—8c)f* - фс aff’ {с z*ff' — 4c wtf’? + 82912912 — Дау” — аз = 


We try the solution 
f(z) ~ Ах" (2 — 0) 


Substitutmg in the above equation and equating the coefficient of 27" to zero we obtain 


n = (2—8c)]c 
Hence we oblain the asymptotic behaviour 
f(z) ~ consi. 202-89) (x — 0). (11) 


Ав a check we note that the case с = 4 gives the asymptotic form f(z) ~ cost. æ, of 
Heisenberg's solution. Further the case с = Я gives 


Қа) ~ Azt (5—0) (12) 


where A 18 independent of time, since f 18 supposed to contain the time only through г. 

Substituting ın (9) we now obtain 

F(k, t) ~ A,k* (k — 0) (12a) 

where A, is independent of $. This result was obtained by Lin and Batchelor. Lin and 
Batchelor have shown that A, is proportional to the Loitsiansky constant. 

We now go back to equation (9) and find the behaviour of the analytic solution f(x) 
88 T -> oo, 

Putting fla’) = в- =) 
and by foliowing the mcthod given by Heisenberg we find that the behaviour of f for 
large € 18 given by the behaviour for large x of solutions of 


d fo ар 
— 419 121112 egdi d M шы 
xig Be) x8/2/1/2 cx” яв Ia |p t2z'[ = 0 (x — oo) 
If we try the solution 
f(z) ~ Аз” (п:> 0, z> оо) 

we find that the following equation to the highest order has to be satisfied 

бя — 10 op 7 0-2) 

п + 1 


If the first term be the significant one, (n—2) is less than (n —1)/2, во thal n is less 
than 8. Then the asymptotic solution will correspond to 


—44iBog-(-DP (n —8)(n -8--2jo) +... =0. 


ы М. В. ЗЕМ 


6n-10=0, ie. n= 5/3. 

On the other hand the second term can be of higher order if n > 8, but then the vanishing 
of the corresponding coefficient would require п = 8, or 3—2/c, both of which are then 
inadmissible. ‘Ihe assumption п = 8 would lead to А = 0. Hence the behaviour of 
f(x) as x — оо is given by f(x) ~ А2-58. This gives the Kolmogoroff spectrum. One 
gets indeed 

F(k, t) ~ С.Е-8В (18) 
C having time factor t14/8-2, 

. Thus we find that when the eddy viscosity 18 predominant which corresponds to 
the stage when the inertia terms in the equations of motion are the most important, the 
energy spectrum of turbulence proposed by Heisenberg admits of a multiplicity of 
homologous solutions of the form (9), characterized by a constant of homology с. These 
solutions have the property that for the low frequency part of the spectrum 
F(k, t) ~ const. k@-8)/o(k — 0), where the constant does not involve the time t. ‘This 
for с = 2/7, gives the fourth power law of Lin and Batchelor. But all these solutions 
ultimately lead to the same Kolmogroff spectrum F ~ k-5/8, for В -> оо. It appears 
permissible to suggest that the different low frequency spectra for different values of c, 
have their origin in the different modes of excitation of turbulence. They are, within 
the limits concerned, independent of the time but unstable. It may be useful from the 
above point of view to have numerical solutions of (8) for several values of с. Recently 
Chandrasekhar has given complete physical solutions for the case с = 1/2. | 

Case 2. Let us now consider the case when ть is negligible compared to у.` Then 
energy dissipation by friction becomes most important, and the contribution of inertia 
terms in the equations of motion unimportant. 

We now neglect the second of the two terms on the right of (6). To satisfy the 
resulting equation we firstly put | 
8'(2/7 —28,[8) = c, 

$8 == б ~ |. (14) 
These two give consistent result when -- - 
бу = do, = фа, 8 = (ar) = (НЫ. (15) 
This 8 is the same as in the case.1 with с = 1/2, whi»h only means that Heisenberg’s 
solution 15 valid at all the stages. Further we must have 


f fenis Ааа) = 2. f ferae (16) 
-o 0 
ihe solution of whieh 18 
f(x) = const. т exp [— 22? (а). _ (17) 
Corresponding to this we have from (4), (15) and (17) 
| F(k, t) = const. а?у? R?k exp (—2Qvk?t). . (18) 


This form of solution was given by Heisenberg. Our present assumption does not yield 
anything new. We may note the following results, 
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The total energy contained in x part of the spectrum (0, k), according tc above 
formula 16: | Ч 


E, = (©) [1— exp ( — 2vi*t] ; x (19) 


where C is а constant, and C/t is the total turbulent energy in the spectrum. Batchelor’s 
experiments, however, show that this part of the spectrum decays with time as 1-52. 

| We note that (14) are not necessary conditions. Por instance, in this case we can 
strictly solve equation (1), t.e. 


5 г? | k | 
-ê | F(k’, t)dk' = 2, | k^ F(k', рак”. 
Seg ' 0 - 
Transforming it into the form 
OF (k, t) _ 


E а 
ai 2v? F(k, t) 
we find that the general solution of the above equation is 
ВК, t) = РК, to) oxp {— 2vk?(£— В). | (20) 


8. Chandrasekhar has recently given a detailed discussion of the physical solutions 
of (1) and (2) in the form (8) after converting them into an ordinary differential equation 
in terms of new variables. We can, however, obtain a ратна! differential equation in 
terms of Chaündrasekhar's variables if we donot assume the ad hoo form (8) of the 


solution, We use Chandrasekhar’s variables s 


А 
g= ИР, 9; у= | RAR, ба (21) 
0 i b 
both of which have the dimension (time) >, as F(k, t) has dienen (length)? (time) *. 
Substituting (2) in (1), differentiating partially with respect to k, and proceeding 
in the manner of Chandrasekhar we obtain 


-9 99 _ 2ky = 
Bt. раптан. йт) 





Again differentiating this equation partially with respect to k, simplifying, and writing 
simply t, for the product Kt, we obtain а some Calculation finally the following partia! 
differential equation for g 
= Memo) a G+ 09/04) - agi (22) 

This is the most general form of differential Е corresponding to the integral 
equation for the spectrum function given by Heisenberg. 

We shall here briefly refer to a fow types of solutions of this equation. 

(i) First, we note that g = Ay is an accurate solution of (22) if A = 4/8. This 
solution corresponds іо Kolmogoroff spectrum as-has been pointed out by Chandrasekhar. 

(1) If we try a solution of the type . . | -— | 
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| 9 = р(у).ч(® | 

where р, ond q are functional symbols, we find on substitution three equations which 
can be consistent only if 4 = const. This is the case of steady state spectrum already 
discussed by Chandrasekhar. (22) has no other solution in which y and $ are separable. 

(1) Since Йу is of no dimension, we expect from dimensional considerations 
similar solutions of the form t~? x (function of t*y). 

We put therefore 

y = [0 0 = ty, ^ (28) 

Substitution of this in (22), and subsequent simplification · gives the following ordinary 
differential equation for f s | | 


of 35 FID f — (f [f= 1) + Via] ph p] ph аре o (24) 
where f! = df/dé. | | | 


We will not attempt a discussion of thig complicated equation but will investigate 
` the relation between the solutions (3) and (28) of the equations (1) and (22), One may 


ask whether solution (28) necessarily implies a solution of the type (8) and vice versa. 
Firstly, let 


РЕ, t) = (Uf flew t) 20.) 
then using (21), and (28) we obtain 
ha е 
=] карр”, tdk’ = ] (18) (ey #)5/(ey баба = (1/8) Ум) 
0 


fuse this еа we write | 
kyt = n(t?y), | (24) 


g = (flt = aJ.) 


by (24), ish shows that (3) implies (28). Let us examine the converse. 
Let 


Then 


g = (1/t?)f(t?y) 
“у= [f Rt?) (t*y)dk 
[anie 


we have considering # as а parameter 


Фу) = f(t у) |k 


Then from 


Integrating this equation we write j 
E ka(t) = e(f*y); i.e. k= e(i*y)Ja(t) 
where 8(1) is an arbitrary function of $, and фа functional symbol. 
Then we have 
ВК, t) = де = HEPES 9 (Py) = В 80). (25) 
Henee (23) ‘generally implies the form (25) for F(k, t), This suggests the form of 


the solution.(4); Ме have seen that 8 ос yt, for motion valid at all stages, but when v 
is negligible a more general form of 8 is allowed. 
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À SPECIAL METHOD FOR SOLVING THE EQUATION GF MESÓN 
IN THE FIELD OF PLANE ELECTROMAGNETIC RADIATION 


Bx | 
S. Gupta, Aligarh 


(Received February 7, 1951) 


The object of this note is to obtain an exact solution of the equation of meson cf 
врта one or zero, as formulated by Kemmer (1989), in the external field of a plane 
electromagnetic wave. The solutions of the corresponding problem for Dirac electron 
have been discussed by Volkow (1985), Sengupta (1947) and Taub (1949). 

The Kemmer equation for meson of spia one or zero is 


Ә ів ) те] 
—— —i— ДЕ |р. = 
|8. (=. Д О - E 
where д runs from 1 to 4, x, = ict, т and є are the mass and charge of the particle, 
h is Planck’s constant divided by 2r, c is the velocity of light, A, (А, = iA,) is the 
four-vector potential describing the external electromagnetic field and 8's are Hermitian 
matrices satisfying the following commutation rule 


8,8,8, + B5B, B, == B,9,, + Врба (2) 


The following identities, which can be readily deduced from the commutation 
rules (2), will be required for our subsequent discussion: If B^ and D^ are two four- 
vectors independent of В’з 


(8,.B+)(8,D*)(8, BY) = (B,D*)(B, B"), (3) 
(8,B*)* = (B, B’)(8,Be), (4) 
(B, B*y'(B, D") + (8, D*)(8,B*)* = (B,D) (8, B*) + (B,B»)(B, D"). (5) 


If A, describes a plane wave, we assume A, = A,(6) = a function of the parameter 
9 only, where 


б = EY. e 
ky = ka ky, ky, tk, [с (ky = Йу), k,ke = 0, (7) 
and from the transversibility condition we have 
К.А = 0, (8) 


Since A, is a function of the linear parameter 6 only, ıt is suggested that we can 
assume the solution of the equation (1) in the form 


y = (Ө) exp. +5 (9) 
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where the matrix (Ө) is a function of the parameter 6 only and the scalar function 
S is independent of В'в. The substitution of (9) in (1) gives 


|e, z- 2 лк) то] U(6) = 8, 90. (10) 


Let us now choose our S in such а manner that each side a ihis equation vanishes 
separately, thus 








OS e ga; " 
(в. (22 54 ) сто | U(6) = 0, (11) 
and so 
hg, CCO — (g gu 2000) a o (12) 
From (12) it follows that 
(B,k*)U = constant = К (say) (18) 


where К is independent of the parameter 6. 
The remainder of the calculation will be devoted to finding S and 0(8) by solving (11) 
subject to the condition (13). For this purpose we, at first, write 


05 е 
——— — Ав = Re 14 
m (14) 
and have from (11) 
B, R«U(0) = imcU(6). (15) 


If we now multiply (15) by В,В, R^ from the left, we have by (2) 
imo, B, Re U (8) = B,B,B, R^ R^U(6) = MB,8,, + 8,8 ДЕР R*U (8) 
= B,R*R,U(6) = ітсЕ, 0(6). 
R,U(6) = 8,8," 0(0). (16) 
Operating again with R^ from the left and summing over и we get by (15) 
R,E«U(6) = B, B, В" В» U(6) = — т?с (0), 


Therefore 





or 

[(=-- TO) + mic? U(0) = 0. (17) 

Thus the characteristic equation which determines S is 
(= ER. а“) + 11363 = 0, (18) 

Oz, с 
То find S we define а function f(6) by the equation 
S = — p," – #[(0), (19) 
h = р», Ру, Ps, ! [с and 

where p, = Ра, Py: Р» / —MÀ (20) 


Substituting (19) fcr S into (18) we obtain 
(р. + кај (6) - An) + т?с? = 0, (21) 


2—1788Р-——1 
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* 


where /'(6) = Of/00. -Since КА“ = 0, k,k* = 0 and p,p^--—m'o this equation 
readily gives 





At A Af 
'(6) = — © Pa == ЁТ, 29 
re с Кор“ 2c? К.р" (22) 


But A, is a function of 0 alone, therefore f(0) can be obtained from (22) by simple 
quadrature. 


It remains only to determine U(6) for which we utilize (16) and have 


(= - 5 Ar) 000) = p,p" (Z - 24) 00 


and-substituting (19) for S in this equation we obtain 
(poro) * A» јод) = &(w Er f (0) + 2 Ar JE*U (9). 


We now multiply both sides of this equation by &, and sum over и, and since k,k* = 0 
and k,A# = 0, we have from (18) 


(РКО = [&» +B r+ Брак = [eeror вк’ om 


where К’ is а constant independent of 6. Now operaling (28) with (B, k^") from the left 
we obtain 


(EPE = (В | (ваља) * a K+ (BK. с (д 
Since by (8), (4) and (18) 
(8,89) (B, le) = (ВОО, = (Rake) (B,kr)U(6) = 0, 


(Balt) (B, À*)K = (B,k^)(B, А“ ВК“) 0(6) = („Ак (ВК) U(8) = 0, 
the equation (24) gives 


(B, k^) , ws 
К = Бай) Re, 
(kp?) 49) 
Нерсе from (28) we obtain | P 
Z (B, Е”) (В, k^) ,, e (B, A*)(B, k^) | 
ve - n 105 5 Ey m 


where и = K’/(k,p*) is ihe. value of U(8) in the absence of the field and satisfies the 
equation 


(6,p*+imc)u = 0. - ` (27) 


Thus the exact solution of the equation (1) m the present case 18 


– Гр (Bk uu, е (8, 47)(B R9) i 
v ueteres; E скр. is 


p = р ро) 5 BACH less, Li; (28) 
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where f'(0) is given by (22), V, is the solution of (1) in the absence of the field and is 
expressed in the form 


Ya = u exp. — Patt. (29) 


The above solution (28) of the equation (1) may be interpreted as follows: If ұ, is the 
solution of (1) in the absence of any field, then the presence of the plene electromagnetic 
radiation field is шш; a transformation of Уз, the transformation matrix being 
given by i 


ks у n (B, A*Y(B, | 
А= | (Ваке) (B, A" (B, k 
1+- DET. 14 бун бозу eae [- 0], (80) 
and consequently | 
у = Ау. (28°) 
The exact solution of the equation complex-conjugate to (1) is then given by 
ye = p RAs, LE (91) 


With the above solution (287) let us now discuss the behaviour of charge and current 
densities corresponding to a given value of p,.. The four-current in the present theory 
18 defined by 


| Ви = TB, | (82) 
where yt = й, ny = 983—1 and 
neat Ви, = 0 (k = 1, 2, 8), тв, = Ва, = Ва. (38) 
Substituting the expressions for у and у* from (28’) and (31) respectively, -we obtain 
= у “ДКВ AS. (84) 


Now by (80) and (83) we have 
A*s,B, A - È EL B, ley Ре) + 6 АЛ.) 7.8 [+ = PO) +2. в (B,A* en] 





с — (Кро) (Кор) (Кр?) 
©, k^ a меу È (В.к) (В, A”) (Bake)? ,, e (8, А")(В„Е») ], 35 
= пе ја 10+ 5 (ар) ]&(1+ бер+ 677 es 


Again by (8), (4), С. and k,k* = 0, k,A* = 0, we obtain 
(B,kX)*B, + B,(B, ke)? = k,(B, Ro) + (К.К), = k,(B, R^), 
(B, B AAB, B,(B, AAB, k) = (8,k^)A, + (К„А”)В„ = A,(, R^), 
(B,k*)* В (B, k)? = ko(kuk") (B, k) = 0, 
(8, k*)(8,49)B, (8, A") (B. &^) = A,(k, A7)(B,I^) = 0, 
(8,k*)*B (B, А“) (В, le) = — (К,А) B B k) + Е „(К A7)(B, fe") + (k,k^) B,(8,A7)(B, ky) = 0, 
(B, I") (B, A7) B, Bpak} = — (ko A) (B ukt) B, + kp (К,А) (B, ko) + (кује) (B, 1" )(8,47)B , = 0. 


Hence (84) assumes the form 


„ [e LO euntes 024, | v. 
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Substituting the expression for f’(6) from (22), we obtain 





cd e Р ? (А„А») ‚А, — т iex, 
| 8 р Wo [в, t ee p) (В, ЈА, E 0.3 Ik po? 2р")? (В, k ) с (k, (B, ) Yo 
which can be rearranged in the form 
= t NM o и -k AÁ сеш. dk 
8, Vo LEE B (К,А, k, v) 2c*(k .p7)? (А „АР) 8 К, р 
"апр еј РА, 1,4) |. (80) 
If we now write 
E, = = (Kady — ky A) (87) 


and define | . 
4хТ„” = Fa Р" 10, F, ЕМ 


we have, in virtue of k,k# = 0 and k,A* = 0, 
ArT = -i Ma). (88) 
Hence 8, as given by (86) can be written in the form 
в, =! & +ар,,+ӘпазТ,, ти њр J| We | (89) 


where а = eh/c(k,p°). 

Thus the effect of the presence of the electromagnetic radiation field on the 
expression for four-current may be considered as if it is performing a tran»formation of 
B-matrices, the transformation matrix being given by _ 





др tah, + дпа? T,, t крму. (40) 


а 
(e. p") 
The last term is absent in the Dirac electron theory and this term is peculiar to the 
present theory of charged particle of spin one ог zero. 
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ON THE HANKEL TRANSFORMATION OF GENERALISED 
HYPERGEOMETRIC FUNCTIONS . 


Bv 
DINESH CHANDRA, LuCknow 


(Communicated by Dr. 5. C. Mttra—Received August 19, 1950) 


1. Hankel Transformations of various functions have been given from time to time. 
Recently Mr. Hari Shankar (1946) obtained many of these transformations from the 
generalised Hypergeometric function „Е, [2,8;y,9; —2z]. The object of the present note 
is to deduce Hari Shankar's resu't as а ра’ ікси аг case of (ће transformation of the more 
general function ,Р, [z,8,y;9,1,e;—2]. Needless to say that all the results deduced by 
Mr. Hari Shankar follow as particular cases from the results obtained by me, 


2. Let Я 
qe -»—8[9 
$(z) = Toa P, [о,В,у ;8,А,є; — #22), (1) 
4 (2) = __ ТОГА _ ГА) — aJI'(y — а) (а) _ 
I(«)T(8)T Гог го) « > ВЫ (A — «)I(a-F v — e-F 1) 
— ЗР, [а 2—8+1, 4A 0-1; 2–8+1, c-yt+1,a+v—e+1; —{2°]; (2) 


then ¢(x) and y(x) are Hankel Transformations of each other of order v, provided that 
R() > 0, R(v*«—e-1)20, R(v*8—e*1)20, Riov+y—e+1)>0 and Rig. + v—2e 
. +2(a, B, у) > 0, В) > R(jv* 3, Re—v+§—2(6, Х)) > 0. 
Also we know that (Wright, 1985) as 2 tends to infinity, 


oF up +е| ги ехр(— T )+ Y aua В, wies des Вы PE 


Qi, Ca» aee р Mel 


8. We shall establish the theorem with the help of Operational Calculus. If 
(р) = р [ e^ Y*h(z)dz, then f(p) = h(z). 
`0 


Then (Tricomi, 1985) it is known that 
©, dv 
E = | (2) J,{2(etytth(t)dt 
р! \р/ de \ї 


assuming that the integral converges. Let us take 


h(x) = Р, [а, А а 


P 
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Then p = 
Кр) = al eMart) Е. [а, 8, у; 8, А, в; —e]dz 
0 





1 1 "E: | | 
= nasa | = zF [а, В, у; 8, Л, 6; —=/р|а= 
P 0 
| 1 
= xcii В, Y; 8, A; = 1p) 
term-by-term integration being permissible. Hence 
1 | —1 
perro ale В, у, 8, À; —1/р] T pn В, Y? 8, À, €; —2]. (4) 


Making use of (8), we find that 
T (e) 
p 

Now it has been shown by Thomae, (1870) and Macrobert, (1989). 


I'(8- a)T'(y —«) 
= I'(6—e)L'(A— а) 





_ ao ` iv 7 
“Р, Га, В, 7;% А; —Р] * | (=) J,[2(at)t] "Fs [а, P, Y; ò, À, c; —t]dt. (4^) 
0 


Г(а)2“.,Е,[а, «—84+1, «—A 1; «— 8+1, «-y+1; – 2] 


= А0) Ра, В, у; 8, А; = 14], (8 
where —п < атра < п and a cross-cut is taken along the real axis from the origin 
to —oo to make the function one-valued, provides the analytic continuation of the 
left-hand side, valid for [2| < 1 mto the region|#|>>1. 'The symbol (=) shows that the 
expression on the two sides represent the same function, each in its own domam. 
Since p> 1, 


| 1 
ub ser aps B, y» 5, А; — p] 
_ 1 Tara) Г(8- а)1(у –ә)Г(а) 1. » а-8+1, а-А+1 — Hi 
p^ Г (8) (у) 7 Г(8—)Г(А—а) р““ *1а-8+1, а-у+1 ' р 


and 1 j „5 
mais a—S+],a—-A+1;a—-B+1, а-у+1; — 2 | 


fotv—e : t . 
= mets ee л &—А-+1; a—B+1, a—y+l1, +у—в+1) —#] 


Непсе У 


scs Fale, В, 7) 8, A; —р] 
i I'(8)I'(i) Г(8 – =) Г(у– а) (a)t«**-* . [7 а — ô + 1, a АЕ, —t | , 
Ы I'(a)I'(8)1(y) né I(8—«)T(A—«)I(v4v—e--1)* "l«—8-1, «—y c1, а+у-в+1 


a, 


Hence taking (4) into account, we get the result (Lerch, 1908) ‘ 
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T 


iv 
f (3) J, [3(zt)*]t«71.. Fy [a, B, y; 8, 4, є; —t]dt 
0 
- ОТОТ Y ВТО Гы p [®а-#+1,а-А+1; а ] n 
УВ Ту) < Г(@-—а)Г (А—а)Г(«+›—в+1)? «8+1, а—у+], ату—в+1] ` 


Writing 1z* for ш and 44? for t, we get after shgh& modifications, 
1 ў -yeg А . 
Г()2:-1 | J, (at) (24) 12 YF, [о, В, y; д, А, є ; — #14! 

. _ ГОГИ) I'(8—«a)I'(y — а) Г (а) giety— ett 


ГОГ) =. Dea A-a) рауаж) £e 


x4F,la,a—8-1 а-А+І; а-В-+1, а-у+1, а+у—е+1: — 123]; (7) 
in other words the result | 





© 


ебед ав = үа) | 


follows. 0 


4. Let us next consider the inlegral 


ГОГА) f J I'8— a)T'(y бага 
Pubs ud зд ANNE t)(at)* 
Те) РЈ у) Ј, МИН 2 1(8— ај (А — а) (ауе 1)да ве 
х Р, [9, 4—841, а-А+І;а- 8+1, z—YyYtl,«tv—erl; —1{°]41. 
Writing (2x)* for æ and (21) for t, this reduces to 


IQQ) = Ју го erbe I'(B— a)I'(y — a)T (а) 
FEQ) gis, Пейн 2 тв грба +) ern 


х.Р,[а, 2—6+1, а-А+1;а- 6+1, а -ytl,*rv—e-1; -t]dt, 
In (4' let us put Bca-btlyca-AdlóÓmza—-B4lA-alyl an 
a&+v—e+l fore. We find that 


1 


poscisFalo, 4781, а-А+1; a- B1, a-y 1; —р] 


d write 


1 а, а—0+1, 4—A-1; —t 
a PERE E ОИ О t Trist iv— F, | | Е - 
| тета 12604 |o La—B+1, а-у+1, а+у-є+1 á (8) 


Therefore 
POCA) (ay rem NI(S-5I(y-a)D(a) tHe 
поле Е Petrer) 
a, a—+1, «—A +1; —t 
da Prr € —yt 1, LM PNE 
О D D TQ eG) osi р, Ге а—#+1, aA a 
PEL ALY =. Т(8—а)Г(Х—а) a | ee o 7 


3 1 
с ssa, В, 7; 0, À; —1/р] + mg B, ү; б, А, 6, —=]. (9) 
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Henee 


-POLN DI ger (ant) У ae UE OL . dents 
F(QTG) | — 12, Г(@—а)Г(А—а) Г(а+у—є+1) 


х Pos 1—041,«—AÀ--1;«—B8-cl, ics atv—etl; —i]|dt 
-T —1 
ОТЧ) 
Writing 42? for x and + for t and simplifying а bi we get the result 
fu (at)(xt)ty(t)dt = e(z) 
0 


B. Letus put В = а+т+1), у= $(а+т+1), 6= Џа—т+1), A-1(a—n41)- 
and в = 4(a+v+1); where m and n are positive int gers. Then 


[ «дади... || m њи 
0 


„Каја, B, у; 8, А, є; — 2]. (9') 


4(а—т +1), ка—п-+1), &(e v +1) | ie a 
a, Ка + т + 1), Ха+п+1); 


—(L1mtinga-i 
[S] te Т лу о эш 


-ie| ao 


which shows that 
En E i(a4- m--1), 3(@+п+1); — јаз 
xe, . 
31(«— m +1), 4(2-n+1), TONER 


is self-reciprocal or skew self-reciprocal in the Hunkel Transform of order v, provided 
К(а):>— 4, and R(«+v) > —1. А further generalisation of this result 1s under 
investigation.* 
In conclusion I wish to express my ов to Dr S. C. Mitra for his kelp and 
guidance ın the preparation of the paper. 
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* Art. 4 is not necessary to prove in view of Hankel's Theorem. ‘The getievalised result is coming P 
in the Jour. Indian Math. 506. : 
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RANDOM DISTANCES WITHIN A RECTANGLE AND 
BETWEEN TWO RECTANGLES 


Br 


BIRENDRANATH Снови, Calcutta 
(Communicated by Dr. P. К. Bose—Recewed August, 21, 1950) 


Introduction 


The distributions of random distances within a figure, and between two figures in a 
plane, have important applications in statistics, specially in problems of topographic 
variation (Vide: В. Маги, 1947, р. 128; В. Ghosh, 1949, р 20; М. N. Ghosh, 1949, 
р. 85; Garwood, 1947; Armilage, 1949). Such distributions have been worked out 
within а rectangle*, and between two rectangles with similar orientations, and the results 
for some particular cases have been briefly recorded in earlier notes (B. Ghosh, 1943а, 
19480) As some authors have required the results for other cases not covered by the 
earlier notes, the general method of evuluating such distributions will be described here, 
following which any required particular case can be tackled. 

A rigorous statement of the problems may be given first. Let us considera 
rectangle (which is usually а sample-unit in area sampling) with sides equal to a and b 
along 2 and y axes (x = 0 toa; y = 0 to b). The rectangle, as part of the statistical 
field, is composed of ‘‘points’’, each "point" being the centre of а very small square 
called the basic cell (vide B. Ghosh, 1949, pp. 18 14); all the square cells are of the 
game size and have their sides parallel to and у axes. A cell being extremely small 
compared with the rectangle, for all practical purposes the c»-ordinates, x and y, of the 
"points" may be regarded as varying ecntinuou-ly with their joint probability density 
function (p. d. #) given by f(z, у) = 1/(ab) for = = Oto а, and y = Oto b. Two ‘‘points”’ 
P, and P, are located randomly and independently (in the stochastic sense) within the 
rectangle, with their co-ordinates denoted by (z,, y,) and (z,, у.) respectively. Consider 
the interval-vector, J, connecting the two points, P, and P,, with its components along 
г and y given by (z,—2,) and (y,—y,). It ıs required to find out the p. d. t., КЕ), 
of В, the length of I, defined by R = + V{(x,—2,)? + (yg—y,)*}. This problem may be 
called briefly the ‘‘one rectangle’’ problem. 

Next, we consider two reclangles with similar orienta'ions defined by say, 2 = 0 
toa and y = Oto b for the first rectangle, and = = (a+e) to (at+c+e) and y = (b+f) 
to (b+d+f) for the second. Two points P, and P, are located randomly in the two 
rectangles, P, in the first rectangle and P, in the second. ‘The p. d. f. of (ду, y), the 


* Some particular results: covered by (Ghosh 1043a) ћете been given later by other authors; see also 
Santalo (1947) 
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co-ordinates of Ру, is given by ја, у, = l/(ab), tor æ, = 0 to a and у, == Офо b; 
similarly for P, we have f(z,, ya) = 1/(с4), for z, = (a+e) to (а+с+е) and y, = (b +f) 
to (b+d+f), In this problem also we require (В), В being the length of the interval I 
connecting P, and P,. This may be called the “Чуо rectangles'' problem. 


Problem of One Rectangle 


Let us define X —[z,—z,| and Y= J¥i-—y,], во that R = + у (X* x Y?). Since 
P, and P, are independent, and for any point, z, y are Independent, obviously X, Y 
also will be independently distributed. "Theorem 1 regarding Ње p.d.f. of X is stated 
below, the proof of which, being quite simple, is omitted here. 


Theorem 1. Ifz, and =, are two stochastically independent and random values 
from the same distribution whose р. d. Ё. 18 given by f(x) = 1/a for æ = 0 to а, then the 
p.d. f. of X = | z,— z, | 18 given by f(X) = 2(a—X)/a?, for X = Oto a. 

Here X can also be regarded as the distance between two random points in a 
straight line of length a. Similarly we get the p. d. f. of Y. Since X, Y are independent 
their joint p. d. f. is given by 


ИХ, Y) = *@- = Оаа У ба . (1) 

We now transform the variables (X, Y) to (R, 6), where tan 6 = У/Х, (В already 
defined). Within the effective ranges X = 0 to a and Y=0 to b, jd. ујахау is 
therefore transformed to 


КВ, 6) Rd8 = = (a — R cos 8)(® — В sin ба Вав. (2) 
Integrating (2) over 6, between the appropriate limits, 0, (lower) and 0, (upper), 
we geb the p. d. t. of E, ЈА) = (4R/a?b*)¢(R), where 


i 2 
(В) = ab(6,—9,) + aR (cos 6, — cos 6,) ~bR(sin 6, = sin 6,) — - (сов 20, — сов 20,). (3) 


Care is necessary in finding the valnes 6, and 6,. Consider the ‘‘effective 
rectangle," X = 0 toa, У = 0 to b, in the (X, Y)-plane. (In this case we can assume 
а = b, without any loss of generality, since it is merely а matter of choosing the z and y 
axes suitably). From inspection № will be seen that the ‘‘effective rectangle” can be 
divided in terms of E into three convenient ranges, (i) R = O to b, Gi) R = b toa, 
and (їп) В = ato /(a*cb*). Further, m range (i) 6, = 0, 6, = іт; in range (ii) 6, = 0, 
0, = sin?7(b/H); and in range (ii) 6, = cos"'(ajR), 0, = sin !(b/R). Putting these 
values in equation (3) and simplifying, we get the following theorem. 

Theorem 2. Thep.d.f. of R, the distance between two independent random 
points in a rectangle with sides a and b, (a > b), is given by f(R) = (48) 126)%(В), where 

$(В) = 3лаб -—aR—bR+4R?, for R=Otod; | 5 
$(В) = ab sin"! (0/8) нам (Е*—61) -aR—3b?, for R = b toa; 
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and. ` Ф(8) = ab[sin-!(b/ R) — сов-Ца/ RJ] + ay (R* — b?) 

EE +b (82 — а) — 1 (Ба + а3 + 55), for В = a to  (a* -b?). 
The first four moments of this distribution are given in the appendix (eqn. 15). 

At any transitional value of E, f(R) and df/dR have the same values in both the adjacent 


ranges, while the values of d?f/dR? are not во. When а = b (square), the second range 
in Theorem 2, E = b to a, is non-existent. 


Problem of Two Rectangles 


Here also we define X —|z,—z,|, Y = |y,—y,|. The joint p. d. f. of z, and a, 
is given by f(z,, #3) = 1/(ac), for æ, = 0 to a and 2, = (a +e) to (a-- c 4- e). Transforming 
| (£, т) бо (м, v), with u = (2, —2,), v=2,, we have f(u, v) = 1) (ас) in the effective 
ranges for 2, and z, Integrating f(u, v) over v, between the appropriate hmite, v, 
(lower) and v4 (upper), we get, 5 


f(u) = ===, in the effective ranges of 21, 2,. (4) 


From inspection of the ‘‘effective rectangle," г, = 0 toa, z, = (a+e6) to (a-- c4 e), 
in the (21, z,)-plane we have three convenient ranges for u, () и=в to (+9, 
(ii) и = (6+9) to (e+h), and (Ш) u = (e+h) to (6+9 -+ №), where g stands for the 
smaller of the two values, a and c, and h for the greater. (Ifa zo,theng = h = a). 
If a>c, ıt can be shown from inspectión of (z, @,)-diagram that in range 
(Ш v, = (6+h-u), о, = №, so that (v,—v,) = (u—e); in range (i) v, = (e--h—u), 
v; = (etg*th—u),and(v,—v,) =g; and in range (iii) v, = 0, 7; = (et g--h—u), ani 
(v,—0,) = (erg h—u). If alternatively a < о, the values of (v,—v,) in the three 
ranges will remain unaltered in terms of g and h. Since X = и, we have the following 
result from eqn. (4) :— | 

Theorem 8. If z,, z, are independently distributed with p. d. f.'s, f(z,) = 1/a, 
for z, = 0 to a, and f(x,) = 1/c, for z, = (a+e) to (a+0 +e), the р. d. £. of X = | z,— a, | 
is given by f(X) = e(X)/(ac), where $(Х) = (Х—е) for X = e to (6+0); $(Х) = g, for 
A = (6+9) to (6+1); and Ф(Х) = (g+h+e-X), for X — (e+h) to (e+g,+h). (The 
symbols, 9, h, have been explained before). | 

Here X may also be regarded as the distance between two random points Pi, Pa, 
selected respectively from two straight lines of lengths a and c, one line lying on the 
extension of the other, with their nearest points separated by а distance, e. Or, the two 
straight lines of lengths a and c, parallel to the a-axis, may have their nearest points 
separated by a distance в along =, and f along y; here X will represent the absolute 
value of the z-componen(t of I, the interval connecting P, and P,, while the y-component 
of I will be a constant equal to f. 

Corollary 1 to theo'em 3. If а= с, f(X)= ¢(X)/a?, where Ф(Х) = (X—e), for 
X = e to (a+ e); and ¢(X) = (2a+e—X), for X = (a+ e) to (да +). 

In case the effective ranges of =, and.z, are overlapping, we have to formally take 
в ав negative Further X will not always be (--u), but sometimes (—u) as well, and so 
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some саге has to be taken in changing over from u to X. A case of complete overlapping 
with a = с, and e = —a (formally), 18 of sme practical interest, and can be derived 
from corollary 1. 

Corollary 2 10 theorem 3, In case of ‘‘complete overlapping" (a = с, e = —a), 
f(X) = 2(a — X)[a*, for X = 0 {о а. (This result may be compared with theorem 1). | 

Returning to the general problem of ''two rectangles,” f(Y) can be derived from 
theorem 8, by replacing a, с, e, д, В with b, d, f, p,q respectively, (р, 9) beng defined 
with respect to (b, d) in the same manner аз (g, В) with respect to (а, о). Further 
f(X, Y) = f(X)f(Y). Defining В, 0 as in the problem of ''one rectangle," we transform 
f(X, Y)dXdY to КВ, 6)dRdé, and then integrate out 6 between appropriate limits 6, and 
6,, to get (В). The problem here зв, however, more complicated than the “опе 
rectangle" problem. The ‘‘effective rectangle’: X = e to (e+gth), У =f to (f{+p+q) 
in the (X, Y).diagram is divided into 9 “compartments” ‘formed by the combinations of 
three effective ranges of X and three ranges of Y, whereas in (ће ‘‘one-rectangle problem”’ 
there 18 only one such ‘‘compartment’’. Неге as we change 6, for a given value of R, 
we may have to pass through several compartments, and the function f(E, 0) and the 
lower and upper limits of 0 will be different in different compartments. These points 
will be clear from the study of the (X, Y)-diagram. In the most general case, there will 
be 16 transitional points in the ''effective rectangle” given by the combinations of 
X = e, (6+9), (eth), (e+g+h) and Y =f, (fp), (+4), (+р-+а). By considering 
the is0-R lines in the (X, Y)-diagram it^ will be seen that there will be 16 transitional 
values of E, passing tbrough the 16 transitional points, and so there will be 15 effective 
ranges of В instead of only 8 such ranges of the ‘‘one-rectangle’’ problem. Though any 
particular case with known values of a, б, с, 4, е, f can be always solved, it 18 no use 
attempting a general solution, which will be too much involved. Some special cases 
are discussed below to illustrate the method. 


Equal Squares with Common Diagonal Line 


' Herea= b =с=@, в =}. The joint p.d. f. f(X, Y) = f(XM(Y) can be written 
down from corollary 1 to theorem З. ‘The ''effective rectangle” in the (X, Y)-diagram 
18 divided into four compartmen:s: the first C(I) is defined as X = e to (в+а), Y=e to 
(ea), CUI) is X = (е+а) to (в+2а), Y = в to (ea); СПП) is X =e to (в+а), 

= (e +a) to (6 + 2a) ; and C(IV) is X = (e +a) to (e-- 2a), Y = (e +a) to (е+ 2a). Though 
there are 9 transitional points, X = e, (в+а), (в+2а) with Y = e, (в+а), (6+2a), 
because of symmetry in X and Y, we have only 6 transitional values of В, given by 

= уде, В, = yfe? + (e+a)}, В, = J2(e--a), В, = yje? + (e+ 94)2}, В, = X {(e+a)? 
+(e+2a)*}, and В, = /2(6+2a). Thus there are monly 5 effective ranges of В, (В, to R, 
R, to B4, .. ., В; to E,) in this саве. 


First Range (R = R, to R;). № this ud the pomt in the (X, У)— disgram ів 
solely confined to С(1), in which f(X, Y) = (X—e)(Y —e)/a*, and so f(R, 6) = R(R сов 0 
—e)(Esin6—e)/a*. The limits of 0 are given by 6, = sin™'(e/R) and 6, = cos^!(e] К), 
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as will be clear from inspection of the (X, Y)-diagram. Integrating f(R, 6) over 0, from 
0, to 0., and simplifying, we have 


(Еј = ie (cos : a —gn^! 2 )-2e У (Е? —e*) +3 В" + er (5) 


Second Range (В = R, to Ra). This range represents the strip of the he 
reclangle" in the (X, Y)-diagram between the two circular lines В = R,, В 
will be seen thut for a given В as one increases 9, one has to pass through C(II), СВ and 
C(I1I) successively. 
In CUD, we have (В, 6) = R(2a + e — cos 6)(R sin 0—e)[a* ; further the limits of 
9 aro 6, = sin"! (e| R), 6, = cos (в +a)/R. Integrating КЕ, 6, over 0, from 6, to бу, 
we have, 
R[ —8a? — e* —2ae + ey [R* — (а + e)'] + (Ја + e) у (Ее 2) 
— «(да + ејјсов“ (а + в) R — sin! (e; Б)) | ја“ = а, вау. (6) 
Next, in C(I), КВ, 0) = R(R cos 6 — е)(Е sin 6 — 8) ја“, and the limits 0, = cos"! (a + e); В 
0, = пп" Ца + e)/R. ‘These limits 6,, 0, are different from the limits for the same 
compartment, C(I), in the first range, R, to Ву. Integrating ДВ, 6) over 0, between 6, 
and 6,, we have, 
R[ -4R? 4+ a?—6? + 2в у {В#— (а + в)?} 


+ в? аг (==) - cos (* = 31 [^ = В, say. (7) 


Finally, in C(I), integrating КВ, 0) = R(R сов 0—e)(2a--e — sın 0)/a* over 0 
between 6, = sin^'(a-- e)/ R and 6, = cog (e] В), we have, 





R | -0-80-20 - T + (да + e) м (E? — 67) + e (R? — (а + е) 


— e(2a + в) [eos (&.)- sin" (у = у, вау. (8) 


Now adding together the contributions from C(II), C(I) and C(III) represented by 
a, В and y (eqns. 6, 7, 8), we have, in the range Е = В, to Ву, 


ка) врана о-в 


+ e(2a + в) {sin (=) — сов”! (=) + 4e /{В*— (а + в)%} 


+ (4a + 2е) џ (Е — в?) - E? — 2a? — 4ae —8е*| [a (9) 


Proceeding in this manner we can work out the expressions for (К) in the other 
three ranges of В also. Now we shall state without proof the results for e = 0, as that 


ИЕ 


case is of some practical 11nportance. 
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Equal Squares with Corner-point Contaot 


Here а= Б = с= й, в= ў = 0. The p. d. f. ш 18 given in the following five 
ranges, as /(К) = R¢(R)/a*, where 


$(В) = ЈЕ, for R = 0 to a; 
ФА) = —gh?+4aR—2a’, for В =a to уа; 
Ф(Е) = 4a'(cos7! (a] R) — sin !( (ај Е)} – да y (R? — a?) 
+38" +448 + да“, for В = {а to 2a; 
e(R) = = 4a? {cos™? (a/R) — &n^' (a/ R)] — Ва  (R? — а?) 
+R? + 642, for В = да to Vda; 
and $(R) = 4a^|sin"! (2a/ В) — сов“ (да | В)} + 4a у (R? — 4a?) 
—$h?—4a?, for В = уба to дуда. (10) 
1t can be shown that at any transitional value of R, КЕ) has got the same values 


in both the adjacent ranges. Тһе mean value of В comes out as 1.478a approximately 
(vide appendix). 


Equal Adjacent Squares 


This case is also of practical importance, and will be briefly discussed here, without 
details of proof. Suppose the squares are adjacent m the z- direction, so that we may put 
а=б=с=а, 6=0,f=—4. The p.d.f. of X, f(X) is given by corollary 1 to 
theorem 8, and /(Ү) by corollary 2. In the (X, Y)-diagnam we have only two 
compartments C(I) and C(II), C(I) being given by X = 0 toa, Y = O toa, and CUI) by 
X = a to 2a, Y = 0 toa ; there are six transitional points X = 0, a, 2a combined with 
Y = 0, a, and only five transitional values of R = 0, a, М га, 22, y 5a, The p. d. f. of В, 
is given in four ranges, ав f(E) = 2R¢(R)/a*t, where 

ФЕ) = aR-3ER*, for R=O toa; 
$(R) = 2a* сов (ај К) — 2a y (R° — a?) - 2aR + E?--8a?, for R =a io үа; 
$(В) = 2a? sin"! (a/R) + да y (R* —a*) -2aR — 3a*?, for В = м га to 2a; 
and (Е) = 2a°fsia™ (a/ R) — cos! (2a / R)} + 2a y (R? — a?) + a y (R? — 4a?) | 
—$R'—£a, for В = да to „ба. (11) 

For any transitional value of В, f(R) has got the same value in both the adjacent 

ranges. The mean Н comes out as 1.088a approximately (vide appendix). 


Indirect Methods 


А method has been developed for evaluating КВ) indirectly for some new cases, 
with the help of already known expressions of f(R) for some other cases; a simple 
illustration of this method is given below. Consider a rectangle with adjacent sides 
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equal] to a and 2a, in which two independent random points P, and P, are located, and 
let the p. d. #., }(Е), be denoted by f,. Now considering the rectangle as made up of 
two equal adjacent squares of side a, ıb will be seen that the probability of P, and P, 
belonging to the same square is equal io the probability of P, and P, belonging to 
different squares, each probability being $. Бо, iff, denotes the р. d. f., (В), within a 
square of side a, and f, denotes the р. d. £., (Е), between two equal adjacent squares of 
side a, ЈЕ will be clear with a little thought that f, will be equal to 4(f,+f,). So of these 
three functions, fı» f2, fs, 1Ї any two are already known, the third can be easily found out 
in this indirect manner. For this particular example, of course, we can easily find out 
f, and f, trom thecrem 2, and f, is given by eqno. (11), and so we can verify the relation 
f, Mfif). Denoting the mean В for the three distributions f,, fas f» by M,, М,, M,, 
we also have M, = 4(М,+ М,), which relation can also be easily verified, аз from the 
appendix we find tbe approximate valu: в of M,, M,, М, as 0.804a, 0.521a and 1.038а. 

For plane figures of other shapes (non-rectangular) i6 will not usually be possible 
to derive the expressions for Ј(8) theoretically. But, if necessary, approx mate nature 
of the distribution f(R) ean be ascertained by empirical methods, e.g. experimental 
sampling. 


Appendix 
The k-th moment about the origin, а, is the integral of (R*f (RH)! over ths whole 


range of В. For evaluating these moments for both the problems of ''one rectangle'' 
and ‘‘two rectangles” the following integrals will be required: 


fB" si^ (2 )an. [moo (5) ) ав, and Јљу (ва – m*)dR, 


with positive integral values of n. If we require ар for k = 0, 1, 2, 8, 4 only, the 
necessary values of n are 1, 2, 8, 4, 5. Ву integration by ae we have 


SEE 8 R"dR = i. В+! а; (S jZ _ adh _ 
[sim (=) n+l iis n+l y (R3 =m)’ 


—1/ f^ | pnap — n21 -1 Rat ] i TR 
[ов (5)8 аћ = — 8 сов ( т. (12) 


So ultimately we require integrals о! the form 


V ea and Jn = | vae -m»an, 

for n = 1, 2, 8, 4, 5 

By successive integration by parts, and putting Р = /(R!—m?), we have, for odd 
values of m, 


o 


Il,2P;l,-—34P-rm!P; І, = $Р'’+4т?Рз-+тиР; 
J,—-4P^; J, = LP тэр; J, = Др! +m PtP. | (18) 
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We further put Q = oosh"!(Ejm); of the two rcots of совћ“ | (R/ m), the principal 
value, ори + м (В*—т*)} -logem], is to be taken, Now by successive integration by 
parts, we have, for even values of n, | 
І, = 3ВР+3т?09; I, = БЕР28 + т?) + am'Q; 
J, = LRP(3R! —m?)-im'Q ; Ј, = ag RP(BR! - 2m* R” —3m*) — (те. (14) 


Using these relations (12), (18), (14), we can work out the values of а} for different 
Cases. | 
““One-Rectangle” Саве. For КВ) given in theorem 2, we have, putting 
М = y (a? -b?), for even values of k, а, = 1 (as it should be), 


a, = &M?; a, = аќ + алб" + 150; 
and for odd values of К, 


1 (0° «(E ai E (Ey 1 (5 2 1 5 b? ) 
En ait >. Oe, S Pct Е = е дыл РЕР 7 И В С. 
"1 s, cosh pt co о, М 217 19 NDS а 

= 2. (Eos (М) + eon Ce its esc) 
ay = 1 (8 совћ : +— cosh p + ТОБ pa te 


2 fat bt Ds 

Meta) -в М 0n 

With known values of а and b, the values of mean, variance, skewncss (уу) and 

kurtosis (y,) сап be worked out from eqns (15). For example, ihe approximate values 

of a, (mean) for а = b and a = 2b are given by 0 521a and 0.402a respectively. It may 

be noted here that some of the numerical values for these m-asures have been wr ngly 
printed in (B. Ghosh 1943a). 

“Two Rectangles” Case. For the special cases of ''equal squares with corner- 

point contact’’ (eqn. 10), and ‘‘equal adjacent squnres" (eq. 11), it has been verified 

thata, = 1; the approximate values of the mean distance (%,) are 1.4734 and 1.088а 


respectively in the two cases. 


PRESIDENCY COLLEGE 
CALOUTTA 


References 


Armitage, P,, (1949), Biometrika, 86, 257 

Garwo d, Е, (1947), Brometrika, 34, 1 

Ghosh, B, (1948a) Science and Culture, 8, 388 

—— —— , (1048b^, Science and Culture, 85 464. 

———-—— , (1949) Bull. Cal. S.at. Assoc. 2 15), 11. | 

Ghosh, М М. (1949), Bull. Са, Stat. Assoc , 8 (6), 83 

Мат B (1947). M. Е. Statens Skogforskningsinstitut, 860), 138. (Methods of Estimating the 
Accuracy of Line and Sample Plot Surveys). Swedish text, English summary. 

Santaló, L.A. (1947), Annals of Math. Stat., 18, 87, 


ON THE MAXIMUM MODULUS ОЕ AN INTEGRAL FUNCTION 


By 
5. К. Возе, Lucknow 


(Received September 8, 1950) 


4. Introduction. Let f(z) = >, ane” be an Integral function of order e. Let m(r) 


denote the maximum term, of the series for | # | = r and N(r) the rank of this term, then 
Dr. 8. M. Shah [(1950), p. 21 ; (1950) р. 112-118] has proved the following results : 
() If f(z) be a function of finite order, then 
;— f log M(r) \ 
] ов 1 
B oe N(r) logr - (1.1) 
the equality sign holding if 
lim leg lg MO) _ 1 
3 === 1051087 
Qi) If 
Іор log m(r) = {1+0(1}} log log 7 
for a sequence of values of г tending to infinity, then 
v log кт) 
А -+o Мо) log г c 
(ni) И ја) is of any order, 
— log m(r) 
hm —2—— < 1. | 
~ N (r) log 7 VS) 
- The object of this note 1s to give а simple proof of (1.1) for Integral functions of 
finite order, Two other similar results involving A(r) and Mr), where A(r) and М (9 (7) 
are the maximum real part and maximum modulus of f(e) and f(z) юг | #| = " 
respectively, have been given in Theorems 11 and ПІ, 


9. Theorem I. [f f(z) = У ane” is an Integral function of order o(0 < o < со), 
0 


then | 
—— log М(т) — log m(r) 
Б = lm 2 i 
am № (т) log v куш N(r) logr (2.1) 


where M(r) = max | (ғ) |, and тїт) and N(r) ато the mazimum term and the rank ој the 
] 8] ==т 
maximum term respectively for [в | = г. 
Proof: We have (Valiron, 1923 р. 84) for an Integral function, /(#), of order 


e(0 <e< со), 
m(r) < М (г) < m(r)re**. | (2.2) 


On taking logarithm and dividing by N(rjlogr, which is posiluve and non-decreasing, 
and taking the limit for т tending to infinity, we get 
4—3783Р—1 
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— logM(r) | ;—  logm(r; 2.8 
Ub oU wm] ыа л, ‚8) 
ue № (т) logr += МО log? i 


Now, consider the reguli (Valiron, р. 81). 


log т (т) = log пит.) + | те dx for О « r, <T. (2.4) 
Since N(r) эв а non-deceasing positive function of r, therefore 
log m(r) < log m(r,) + N(r) log 1 ffo, 
whence 


log m(r) < [987 —log "e +6 og Te To) | №) ов, OC O<1 
log т № (г) log r 
and on taking limit, we see 
log m(r) 
fo Nír) log T 
Hence, the result follows from (2 3) and (2 5) 





(2.5) 


© 


3. Theorem II. If f(z) = za 18 ап Integral function of order 0(0 < о co), 
then 
=— log A(r) 
Es Ва ДЕРИ | | 
кч IIS (8.0 
where А(т) 18 the mazimum real part of Ка) for z =r. 


The proof of this theorem easily follows from Theorem I and the result of 
Valiron (р. 84) 


A(r) < M(r) < A(r)re*- 


4 Theorem III, If f(z) = 2, ana” i8 an Integral function cf order o(0< o < 4) 


To N(1) log r т o № (г) log г 


[р (2) | where Мет) = пак ч) |, [9 (2) 18 the a-th denvative of К»). 


(4.1) 


The proof of this theorem easily follows from Theorem II (Bose 1940, p. 79) and 
Theorem I of this paper. 
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SOME PROBLEMS OF ELASTIC PLATES CONTAINING 
CIRCULAR HOLES—I 


By 
А. М. Seneupta, Shibpur 


(Received September 15, 1950) 
1. Introduction 


Owing to great practical importance in Engineering application, the problems of 
circular holes in a stressed plate have been discussed by a large number of authors. A 
general solution in bipolar coordinates of the stress and strain for a plate having two 
circular boundaries has been given by Jeffery (1921) who has also given the solution for 
a semi-infinite plate, wilh an unstressed circular hole under tension parallel to its 
straight edge. The solutions for an jnfinite plate containing two equal unstressed circular 
holes were obtained (1) by Ghosh (1989) when the plate is subjected to (?) a uniform 
tension in the direction of the line of centres and (1i) a uniform shear in the plane of the 
plate and (2) by Weinel (1087) when the plate is subjected to a umform tension 
perpendicular to the line of centres. Recently Ling (1948а, 19486) has discussed the cases 
of an infinite plate contaming two equal circular holes under the action of (а) an 
all-round tension T, (b) a longitudinal tension T, and (с) а transverse tension T, when the 
circular holes are tangential to each other as also when the holes overlap. In the present 
paper solutions in bipolar coordinates, are given for a plate of infinite size with two 
unstressed equal circular holes subjected to the action of (I) a couple of moment M and 
(II) a centre of pressure midway between them. 


2. Mathematical treatment 


` Let us take the curvilinear coordinates defined by 


a+iB = log 2510) | (1) 


where =, y are cartesian coordinates and ais a positive length, 
Solving for x and y we have 


"m а- gin B 2 dyes а sinh а | (2) 
cosh « — сов В cosh « — cos В 


в = (5) (ш) 


h = (cosh x — cos буја. (8) 


— 


go that from the relation 


we got, 
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The curves а = constant are a set of co-ax.al circles having the two poles A(O, а) 
and B(0, —а) for limiting points, ‘Te circles corresponding to positive values of « lie 





above the axis of æ, while those corresponding to negalive values lie below. The axis 
of x is given by а = 0, The radius of a стоје z, 18 acosechz, while the coordinates 
of its centre are (0, acotha). 

The curves В = constant are a system of circles passing through the limiting points: ~_ 
А, В and intersecting the other set of circles orthogonally. В is positive on the 
right-hand side of the y-axis and negative on the left-hand side. While on the y-axis 
В = 0, except on the segment AB where В = r. 

At infinity a = 0, B = 0 and at the limiting points А, В a = +оо and а = ~ оо 
respectively. 

Putting { = z-Fif and 2 = 2 + 15у we have from (1) 


t = 1062710, (4) 


8—8 





Solving for 2, we get 





13497 e авн) 8 1+е-* 
1—e-: l—e-t 


where k is any positive integer, 
= тв, т, 6 being the usual polar coordinates of the point (=, y). Whence, 


е- На 





log г == log 1+2 > 


п=1,9,.. 


cos np, . (5) 


п 
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and ro 
-2 > —— sin пб, (2 > 0) 


(the principal values being taken). 
The stresses in terms of the stress function x are given ~ (Jeffery 1921, p. 269) 





ааа = {(cosh « — соз в) 9 тв «9. gm в 9 — + совћ ahy), 


og Әх a8 
88 = я — а _ ] "UC Ө 
288 = {(cosh « —cos В) 7, sinh a. 5m B Эй + сов В} (ВХ, 
aab = — (cosh 7 — сов В) sa x), (6) 
80 that we have 
a(zz — 88) = (cosh 1 — сов В) (S-a =- 1) (hy) (hy). (7) 


The necessary and sufficient conditions for a boundary « = constant to be free from 
stress are (Jeffery 1921 p. 282) that on the boundary 


> (hy) = constant = р (say) (8) 

ара 
hy = р tanh a + о(вовћ 2 cos В – 1) + 7 вр f, (9) 

where p, c, т are Michell's three constants of the boundary. 


3. Infinite plate containing two unstressed equal cireular holes under the action 
of acouple of moment M midway between them. 

Let the holes be defined by x = с(:> 0) and = = —c. Тһе origin of coordinates 
being taken at the pomi of application of the couple. Now for a couple of moment М 
applied at the origin in the positive sense 


Xo = ~ 9, 


so that, omitting the constant term in x,, since its omission does nol effect the stresses 
we have 


hy, = ы (cosh х — сов В) p e sin n8 (10) 
те њ=1,8,.. " 
and this has different expansions on different sides of the line z = 0. 


Thus for а. > 0, we have 
M : 1 е Ы в (nte у 
hx, = xf > [67 (^7 Ne + =: + Па] — > p= i == siang (11) 


=], 3,. n=2, 4, 
and fora <0. 


M c^ I deo. gt 10а 
hx me - > = [60-108 + (+ | - > Е — | sin nf. 12 
Хо Ona ® n Le SI^ B a 


1, 8,. R= 2, 4,. 
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For the complete stress function we have to add to x, в stress function x, which will 
give no stress at infinity and is such that the complete stress function (x,+x,) will give 
no stress over the boundaries а = + с. 

We assume, 


hy, = A, sinh 2x віп 6 + Уи, sink (n+ 1) + В, sinh (п —1)2] sin nf, (18) 
па 
80 that the stresses calculated from x, at infinity vanish. 
Let p, о, т be the Michell's constants for the boundary a = c. The complete stress 
function Y = Хо + х: given by (11) and (18) satisfies the boundary conditions (8) and (9) 
for the boundary « = с, so we have р = o = 0 and 


M Ж 
—,eosh cé~°+ A, sinh 2c = т, 





та 
2A, cosh EN ВО (14) 
ла 
and for n even > 2 
; M fe-(-Dc g-Q 1e 
A, sinh (п + 1)c + Ва ginh (n ~ 1)с = 25. nm ep 


(п + 1)A4 cosh (п + 1)e + B,(n—1) cosh (n—1)e = – = (e^ 7 De peit Do}, (L5) 
А т 
for n odd 2 8. 


A, sinh (n-- 1)c-- B, sinh (n —1)e = - №. 1 
T 


= {6-9-1 e-Utne, 
an 


(n+1)A,, cosh (n+1)¢+ В, (п — 1) cosh (n —1)c = 24 [n1 g-n-n, „+1 ЖШ; (16) 
2та\ n n 
For the boundary @ = —c, the complete stress function Х = Хо + X, given by (12) and (18) 
satisfies the boundary conditions (8) and (0) where p, c, т are now replaced by three other 
constants р’, с’, г’. In this case we get the same system of equations as (14), (15) and 
(16) with the difference that in those equations the signs of the coefficients A,, A,..., 
B,, B,... are changed and in (14) г 1s replaced by т’ and р’ = o’ = 0. 
Solving these equations, we gel 








М js е 
4, = D uM ** sech 2c, (17) 
and for n even > 2 
M 1 
A h 2nc —n sinh 20} = ~ — —*¢_ „- ffe 
півш sinh Qo} = — а fut пете ee], 
В„\впр 2nc —n sinh 2c} = M 1 fn — 14 пете + 6779] (18) 
Aran—l | 


for n odd > 3 
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A,{sinh 2nc —n sinh 2c} = zl Í ini tner 73], 


B. fsinh 2nc —n amh 2c} = — = 2 {n + 1+ ne? + 672%}, (19) 
П 


On the hola а = с, 22 = U во that ВВ can be very easily calculated from (7). We 
have, 


й. EO 

aM BB, = (cosh c —cos В) [sech 2c sın В+ У R, sin пВ -5 5, sin nfl, (20) 
5:8,8,.. њ=9,4,.. 

where, 

[Ва + e- (^7 09] (віп 2nc — я sinh 2c) = [(n +1) - ne** -- e7?"*] sinh (n — 1)с, 

and 


[= S, ке“ | (sinh 2nc ~ п sinh 2c) = (n — 1 + ne”? + e7?"*) ginh (n —- 1)c 


Except for large values of c the series in (20) are slowly convergent. ‘To obtain the 
expressions in the form of a more rapidly convergent series, we put 


Ry = 2e7'*(n cosh c—sinh с) + М„— Ma, 


and 
S4 = 2ne-™ cosh?c + Ма, (21) 
where, 
Nafsiah 2nc —n sinh 2c) = пет" cosh c[2n sinh 2c — 1 + e7?"*], 
and 
M (sinh 2nc —n sinh 2c) = e~™ ginh c[2n sinh 2c +1 2778), 
Hence, 1025 со 
М ВВ, = (cosh c ~ сов B) [весь 2c gin 8-25 (—1)*ne—™ cosh c sin ng 
м н 2 
x e~" sinh с sin nf — {> (—1)"N, sin nf + У M, sin „ај |. (22) 
п=8,6,, neb,6,.. 

Noting that, 

2(cosh c — cos В) [> (—1)"ne~™ cosh c sin ng + > 67" ginh € gin nb | 

nw2 мас 8,6, ., 
sinh 2c ein В сов B = Р 
= a aie = . 
Светая e7?*(cosh c — сов В) sin В 

We have, 

ха? 2 sinh 2c sin В cos В | =й 

ВВ, = — —_-___-___--- - (совћ c — cog € ** gach 2c gin 

2M BP (cosh c+ cos В)“ (с p) я one 


+> (CIN sin n8+ У My sin тај. (28) 

ne? я: 8, 5,.. 
_ The table І gives the values ої BB on the boundary of the hole a = c for positive 
values of 8 when с = '8 for which the shortest distance between the boundary of the 
hole and the axis of the couple is approximately one third the radius of the hole, The 
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ratio of the distance between the centres of the holes to the diameter of a hole being 
cosh с( = 1°34). From the same table the value of BB for negative values of 8 are 


obtained by changing the sign of BB. For positive values of В, the maximum tension is 
found after calculalion to be 6'018(2M /za*) al the point В = 151? approximately and the 
maximum compression in this зазе is —'748(2М /л2*) at the point В = 60° approximately. 


TABLE | 


ty fo ert 





15° | —'2132 | 75° 


30° | —:4887 | 90° | — 09702! 150? | 5:9732 
45° | — 646 150? 9012 | 165“ | 5'1486 
180? | 0'000 





4 Infinite plate containing two unstressed equal circular Rotes, subjected to a 
contre of pressure radiating from a point midway between them. 

Let the holes be defined by а = с(> 0) впа з = -с The ongin of coordinates 
being taken at the centre of pressure Now fora centre of pressure radiating from the 


origin 
= log 7, 


so that omitting the constant term in х, since 115 omission does not effect the stresses, 
we have, for « > 0 


сов з + сов В _ 
cosh a—cosB — 


This has different expansions on different sides of the line а = 0. 
Thus for a > 0 


|" =) 
hy, =—< det > 1 fe=0 = 1e 9-405} cos nf 


1 [— —Га g^ 2 
— а, 4 
z^ > БО EET | [998 nf, (25) 





hy, — 3: (cosh « — cos 8) log с 4 fosh а. — соз f) — eos nB. (24) 


nw, 8, t 














п wd, 4, 
and for « < 0 
2 D к (*«—lla  g(5'1)a 
hy, — Ие а 1 1 еп -1%% 4 corte) cos n8 ~ 1 > i at nt __-- | cos np. (26) 
a а Pu n Ge 9, 4, 


For a complete stress function we have to add to x, a stress function ү; which will give 
no stress al infinity and is such that the complete stress function fy, + x,) will give no 
stress over the boundaries а. = +0. We assume 
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hy, = B,z(cosh а — cos В) + A (cosh да — 1) cos В 
+ {A,,[cosh (п + 1)a—cosh (n –1)а] 
+ В» [(п— 1) sinh (n +1)a— (n +1) sinh (n—1)a]} cosn8. (97) 


so that the stresses due to v, at infinity vanish. 
Let р, с, т 5e Michell’s three constants of the boundary 2 = c. The complete 


stress function (%+х:) given by (25) and (27) satisfies the boundary conditions (8) 
and (9) for the boundary а == с. Во, we have г = 0 and 


Z+ Вие sinh c + cosh с) = p, (28) 


-0 
ы _ + Ве cosh с = p tanb c ~p, 
a 


Е (1 + e7**) – Вс + А, (сов 2c —1) = с совћ с, 


and ò 
2A, sinh 2c — B,— я ete = 0, 
and for n eyen => 2 
Аз [ cosh (п +1)c— cosh (n—1)c] 
+ B,|(n-1) sinh (n 4 1)e — (n + 1) sinh (n—1)o] 
5 1 e - (» — 1)е g^ (n--1)e 
i zl п—1 Ц nil 





Аз | (n +1) sinh (n+ 1)0 — (n — 1) sinh (n — 1)c] 


+ B4,(n* — 1)[ eosh (n + 1)с — cosh (n —1)e] = — Е fet -DBeg-(tDe, (29) 


for n odd > 8 
As [cosh (n + 1) с– cosh (n — 1)c] 
+ B4|[ (n — 1) sinh (n-- 1)e — (n + D) nh (n 21)c] = ~= fe- "71e + 6-0% te 


А. (n +1) smh (n - 1)e — (n —1) sinh (n —1)c] 
+ B,(n*—1)[ cosh (n + 1)с — cosh (n —1)c] 
= 1 ПЕ — (в ~ 1)е +. каены (30) 





— — 


а n п 


For the boundary а = —с the complete stress function x = (Xs +x,) given by (26) and (27) 
satisfies the boundary conditions (8) and (9) where p, с, т are replaced by three other 
constants р’, а”, т’. In this case we get the same systems of equations (28), (29) and 


(30) with the difference that in these equations the signs of the coefficients By, Ви ara 
changed and in (28) p and с are replaced by —p and c", т’ being zero. 
Solving these equations, we get 
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87 (1+ sinh 20) = 4e~° sinh ¢ (31) 
t а cosh 2€ (cosh 2c — 1) "  @ cosh 2с(совһ 2c— 1) 
and for n even > 2 
A,,(sinh? nc ~ м? sinh? с) = Е {п sinh с cosh c — 677 sinh nc], 
B (sinh? nc —n* sinh? с) = — cm {n sinh c cosh c + cosh? с — 877 cosh пс}, (32) 
for n odd > 3 
A, (sinh? nc — п? sinh? с) = * ъвівЬ c cosh с — sinh? c —e™ sinh nec}, 
B,, (sinh? ne — п? sinh? с) = -Z {n sinh с cosh c +e™ sinh ne}. (33) 


On the hole « = с, са. == 0, во that BB ean be very easily calculated from (7). Then 
а „~ 
= ВВ. = (cosh с — сов В) [e sech 2c + 4 cosech’ c cos В 


ao 


+ > Басов + > S, cos B], (34) 
n wg, б, næ? 4, , 
where, [R446e-*-?*](sinh? nc —n* sinh? с) 


= n[n sinh c cosh c —sinh* с ~e~™ ginh nc] cosh (n — 1)c 


— (n + D[n sinh с cosh c + e7"* sinh nc] sinh (n —1)c, (35) 





S,-~e7" ul (sinh? nc — n! sinh? с) 


= (n —1)[n smh с cosh c — е7" sinh nc] cosh (n – 1)с 
—n[n sinh c cosh c + cosh? c — e7** cosh nc] sinh (n — 1)c. (86) 


хухсері for large values of c the series in (84) are slowly convergent. То make them 
rapidly convergent we put 
Ra = —2(n + 1)е7" cosh c -Np + My, 


and 
S, = —2ne7"* совћ с №, , (87) 
where, 
N, (sinh? nc —n* sinh? с) = ne7"*[n sinh c(n sinh 2c — 1) + e^"* cosh c sinh пе | 
and . 
M, (sinh? nc — п? sinh *c) = q7"*[2n? smh? c + e7"* sinh nc] simh c. 
So that 3 


i ВВ, = (cosh c ~ сов )(e-* sech 2c + 4 cosech *c сов £} 


— 2(cosh c — cos В) | ne" cosh € cog n. B + Se cosh с cos ng] 
~ 2 


nB, S, . 


— (cosh с — сов 8) [Sa соз „в У М» сов 8]. (88) 
2 


n8, D, . 
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Noting that © 
2(cosh о— cos 8) У ne™ cosh c cos ng = 9088 ¢ {cosh с cos 8—1) 

л cosh с — cos В 

and ©, ` h nh В 
2(cosh с — соз В) 2 e^"? cosh с вов nf = dur LES (89) 
а cosh с + cos В 
we have 
a? 


55 z 7**.-2 sinh дс 

= BB {абаке | с goch до + 2 smh 2c | 

7 ВВ, = (cosh c — cos 6) | е sech 2c + ИЕ В 

cosh с(совћ с сов 8—1) cosh c sinh c 

о eos B 
cosh с — сов В cosh c + cos В 


— (cosh с — сов 8) [> Ма cogn -> M, сов лв]. (40) 


n=}, б,.. 
The stresses are symmetrical about the y-axis. Hence, imn the table II the values 


of BB on the boundary « = с for values of В between 0 and л are given when с = 1, 1.8. 
when the ratio of the distance between the centres of the holes to the diameter of a hole 
is cosh с(= 1'54). From the table it will be found that the maximum compressions 
are at the extremities of the diameter of the hole passing through the ‘centre of pressure’ 
and it is more marked at the point nearest’the ‘centre of pressure’. The points of zero 
stresses are found to be approximately at В = 29°51’ and at В = 199?20/ with the point 
of maximum tension (4/a?) x 2'132 at В = 79° approximately, 


TABLE LI 


mm. 


e | © | e | 8 | p | ZA 











4 
0" — 1'0985 60° 1'7084 120? '1978 
15^ — ‘7735 75° 1'8878 135° | —1°0574 
50° 0089 90° 1'987 150° — 2'0961 
459 9808 | 105° | Г['4657 165? — 2°69 
180° — 2°86 


In conclusion I thank Dr. В Sen for his kind help in the preparation of this paper. 
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NOTE ОМ CERTAIN INTEGRALS AND SERIES INVOLVING 
TSCHEBYSCHEFF'S FUNCTIONS 
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(Received September, 12, 1960) 
INTRODUCTION 


The present paper deals with the two kinds of Tschebyscheff’s functions T«(s) and 
F(z) and is simply a continuation of our two other papers (Bagchi and Chakrabarti, 1950), 
entitled, 

(i) “Note on Tschebyscheff's function T4(z) and its associated equations", 
and (ii) ‘Some further relations connected with Tschebyscheff's function Ty(z)’’. 
The subject-matter, discussed in this paper, may, broadly speaking, be classified 
under three heads, vig., 

(a) the establishment of certain definite integrals equivalent to T«(z) and V,(z) ; 

(b) the scrutinisation of their asymptotic values, 
and (c) the conditional summation of certain infinite series involving them. 

We are not aware whother these results have been discussed heretofore by any 
previous writer. 

1. Starting with the proved result; (Bagchi and Chakrabarti, 1950, р. 46) 


T (2) = Г Фф mÀ 1 "T j 
E-I cos X (st 8 — 1 cos ф)“ “Та, (1) 
where _ ан), 
n(Qn) 1’ (2) 
and applying the transformation 
J? — | 
абай = в совф+ М =" —l. 


2+ М 82 — 1 cos в 
we are led to the relation 
р sin £ dt 
Hale) LA f — —— — (8) 
(2—1)5 (a+ ува 1) 20 (в у? Т cost)? 


Manifestly this result, which is deducible alternatively from (1) by the substitution : 
— t8 
8 + у 83 – 1 сов 6 


may be regarded as the analogue of Laplace’s second integral formula for Px(s). 


8+ М#'—1 совф = 
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To find the corresponding integral formula for Vals), we utilise the known result 
(Bagchi and Chakrabarti, 1950, р 40) 


Vals) = NEN D [L7 а if, 2 (1s re в va^) Eig ([2|[ 2-1) (4) 
4^ in (zr Д 
2 
and change the variable according to the scheme 


_ coshy—1 
cosh y + 1 


If we now write | | pagel 
Я = p+ р? —1, во that p= 9 73 








the formula (4) can be transformed into у у 
» lanh" 9 sech = 
був) Ши А 


“п ("= : ју `0 (и + М pti cosh "id | "n 


Plainly (5) resembles Laplace’s integral formula for Q4(e). 
2. We shall now scrutinise the values of T,í2) and Va(z), where n 18 .8 ‘very 
large positive integer. | n 
Recalling Stirling’s formula: 








n! = e7",n".(2«n)t, (when n is very large) 

we readily perceive from (2) and (8) that, for very large values of п, 
Tala ) М (пл) HE n-i. * 
(22 1) | > 2*-# (с БЕП, (6t 





In the particular саве —1 <z <1, (6) plainly reduces to 
A - | 
| Tafa) | У (82), (т) 





Next, the formula ы and Chakrabarti, 1950, p. 40) 


По) Я uu cos" 6d6 


== pan—1 {п [= > (2? — sin?0)i*" 


gives rise to the inequality 





Vals) = ([s[21) | 


| V. (а) |< == gan "ey e 


+ For obvious reasons, the relative magnitudes of the two positive quantities 
(i) a@=fztvz?-1 | and (п) b = ре vs?—1 | 





depend upon the initial values of z (real ог imaginary). Thus, for instance, when 2 is real and > 1, a > b { 
but when 2 ir real and <—1,а < b. In the above context, that particular sign + or ~, which corresponda 
to the greater of the moduli (1), (11), ia {о be chosen on the В, 8. of (6). 
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whioh, taken in conjunction with Stirling's formula, ultimately leads to 


У (пт) __ 
Га) |S јр ту ([#] > 1) | (8) 


when n is very large. | 


| 8. Ву way of illustration of the utility of the asymptotic values of T(z) and 
Valz), as given by (6), (7) and (8), we now proceed to sum (when possible) each of 
the three infinite series: | 


а = S arra) V), (9) 
в = У от), (10) 
T=] 
and C= БУДА (11) 


At the very outset we utilise the proved result (Bagchi and Chakrabarti, 1950, р. 89), 


т=з 


= 1 : 5 
> 477, (2)ф.(у) = 4(и—=) [4 (2)Ф0(9) — 4. (=)6: (у) ] – Ви (2, у), 12) 
re] 
where ¥n(2) and ф„(в) are any two particular (analytic) solutions of the functional equation 


Uns (8) — 2012) + un(e) = 0, (18) 


and 


R(x, y) = = [п+1(@)ф» (у) — Vn Еф 1 (9) |. 


Remarkirg that Та(а) and. V,(s) are but special solutions of (18) and choosing the 
functions Yn and фи appropriately, we can readily derive three summation-formulae 
involving the two kinds of Tschebyscheff's functions. . In fact, if An, B, and О, denote 
respectively the sums of the first n terms of the series (9), (10) and (11), the formulae in 
question may be presented in the following forms: 


An = z— Vi). Ве, у), (14) 
4(y — 2) 
B, = —1—- ВО (z, у), ‚ (15) 
Е с, = УУ, а у) 16) 
4(y — 2) 
it being implied that 
; n-1 

RU, у) = = [Tn (2) 7 (у) — Та) Va. .(y)]. (17) 


о врбе Us (D Taf) = Tu) Toss), (16) 
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and Бг, y) = LA p Vale) Vines (y) | . | (19) 


There is not much difficulty in verifying, by means of (6), (7) and (8), that when 
п > со, ' 


, 


(a) Re, у) 90, of акма Р «УР, ond (>D | 20) | (4) 
() - А204, y) 0, it Jez yz -i|lys Vy <, end ([y]z ) ED) 
(c) RPG, y) 0, и (Iz -2(]y D 2 L, and (|г]> 1, [y] > D. (22) 


It 15 scarcely necessary to add that, subject’ to the conditions of convergence (20), 
(21), (22), the three infinite series A, В, О, given by (9), (10), (11), converge respectively 
to the sums | 


2-7 1. Pile)-Valy), 
A(y—a) ' 4 A(y — 2) 
One may attempt a geometrical interpretation (with reference to the Argand plane) 


of the three algebraic conditions of convergency (20), (21) and (22) of the three series 
A, В, С. 
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+ The ambigoity in the algebraic sign +, occurring in the І. 8. of (20) and (81) is to be removed in 
accordance with the principle, set forth in the foot-note (1) of Art, 9, 


TORSION AND FLEXURE OF A BEAM WHOSE CROSS-SECTION 
IS A SECTOR OF A CURVE 


By 
D. N. Mirra, Calcutta 


(Received October 10, 1950) 


1. In this paper the torsion-flexure problem for the sector of any curve is solved 
by an extension of the method used in a previous paper (Mitra, 1950). By two successive 
conformal transformations the area of the sector is represented on the upper half of the 
unit circle. By the application of Schwarz’s principle of reflection, the problem is 
reduced to the determination of analytic functions within the unii circle, whose 
imaginary parts take up prescribed values on the circumference. The functions are then 
determined with the help of Schwarz’s formula. І 


Torsion Problem 


2. Геб the origin be taken at the point of intersection of tha two bounding 
straight lines of the cross-section 0 = 0 and 6 = 28, 28 being the angle of the sector. 
Let 

8 = [p т = 26 /п (2.1) 
be the formula transforming conformally the area of the sector on an area bounded 
partly by a portion of the real axis of the t-plane. Let 

t = (0) (2.2) 
be the mapping function which represents conformally the transformed area into the 
upper half of the unit circle in the (-рјапе, the straight boundary of the area in the 
t-plane being transformed into the bounding diameter of the semi-circle, Let «, f 
denote the upper and lower semi-circumferences of the circumference of the unit 
circle. The imaginary part of the complex torsion function Р (0) has the value 
blott) «(0 ]” оп the boundary. 1f we choose the function 
Gt) = Fy()—4(i + tan 23) [2()] 7" (2.8) 
(26 Æ 4/2, 37/2), it is easily seen that the imaginary part of С,(5) vanishes on the real 
axis and takes up the value 


= Но(Оо(1/0]"—– (ә + (0(1/9]9] 

+ di tan 28[ fold}? —ío(1/0]?7] = X, (вау). (2.4) 
on the semi-circumference а, If we continue the function G,(t) to the lower half of the 
unit circle by Behwarz's principle of reflection, the Imaginary part of the function takes 
up the value — X, at the point Е оп B. Applying Schwarz’s formula and putting 
< = 1/5, we get 
6,9 = а [ Дебец" 25 - / валы" =] 
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~g (оде aor био orm 2 





а LJ tle (#) а — [o ау" S. so fo 1/91- rom E] (2.5) 
When 8 = 7/4, we choose 


Gold) = Fh) + log t (2.0) 


and we geb 


си) = | J обе де © E vd Бы ed 


prote је 1/0) + w(t) = 





-g[ Је Holt) 0/0) + | =] (2.7) 


Flexure Problem 


8. The solution of the flexure problem lies in determining two analytic functions 
whose imaginary parts y, and у, take up the values (Ghosh, 1948, р 77) 


Р 
y, = [(1+о)а? —ob?*]y — (1 + ојажу + oby* — (1 2+ (1+0) | (a—a)gzde, (31) 
A 


= [газ — (1+ с)Ь2 |2 – саз? + (1 + o)bzy +302 
)Ь f за Г ; 
—(l+o)bI | edz+}(1+o)R | (z—z)de (8.9) 
A A 


on the boundary, where a, b denote the co-ordinates of the C.G. of the area of the 
cross-section. Let F,(0) and Е.() be the complex flexure functions whose imaginary 
parts satisfy conditions (8.1) and (8.2) on the boundary of the cross-section. If we 
choose 


GQ = F,(9 (1+ о)а – оба | о (2) * + 4(1 + ода [«(0 |?" 


_ 1 cb віп 46 2m, (1 + 2с) (зір 68—38 sin 26) - 4m. (Lo) sm 28> „чз 
2 (1+ cos 45j | «(01 12 sin 88 = [eğ] ае В [o()]?^, (8 8) 


9.00 = Е.) — Цоа* (1 +o) (0) + 3i0a(2— i tan 28) [0(0]* 401+) b [o(0) 


_ 1, Ff, 8(cos 28 — сов 68) | vn oes sin n2? сов 28 am 
5° [i+ Tends "+ л, 


G,() and G,(i) are analytic within the upper semi-circle and their imaginary TS will 
respectively take the values (3.5) and (8.6) on the boundary of the semi-circle 


J 


= + — 
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—ieb[(o(OP* + £2(0]?" — 2fo(S)w(Q}™] - ңы {о (0) (р C fo (0) рт] 


obj 1700848) re yam opm] + Q0 — 1) sin 281; sm, ў баз 
+ obi oO] сор" а јат {рэт 


+ (14-0) 


PQ PG = Х(вау) (8.5) 


tea | «QE Ор" 2 50)" tan 20 BEES er] 


— go [fo (OF + fo (QP ^ «ООО "+ H 


,U- 2c) 8in?28 cos 28 yom — (o pm1- E G(0) — G (t) 
Poe os) IP T eU aito) а 


+3А+о)[НО+Н(] = Y (вау) (8.6) 


where 

и“ - 

FQ = | пој = а о јој | (8.7) 
1 

а = | «Orate, 6.9 
1 

HO= | Or- SOM dug. 8.9 
1 „ 


It is readily sóen from (3.5) and (8.6) that the imaginary parts of G,(0) and G,(§) vanish 
on the real axis. When G,(0) and G,(¢) are continued analytically to the lower half of 
the unit circle, their imaginary parts take respectively the values —X, — Y at the point 


Соп В. Putting € = 1/€ in the boundary values X and Y on the circumference of the 
unit circle and applying Schwarz's formula we get, 


оо = 2 [iter alo} ОА, 
- fit» om "2959 =] 
„е fios otto] [5/20 f; 


+ DOMED] (600179 zi 
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1 +с ті dt 7 dt 
+ [ | {B(t) —F(1/t)} pu J 009-2013 | 
зен finm Газет 2 
" sa. Tam dt T. Иры E = sm di 
team Gato] ет | file 000998 
а ] aji- [oO 2 ‚ (8.10) ` 
А | 
a) = 45 | J D+ [oto г 
| [town + [o(t)]?™—2[o(1/t)o(t) "4 E 


+00122 [| ] fTo()]?— [o(1/1)]*] El | {[w(1/t)]?™— [olt] e 





-Sr | || [oh] [0(1£) 2% – Го(Вео(17 0) ]"Го( )] "+ Го(1/9]" = 


- fito 10) Гаю" Год да об "+ Lato] ©] 
B 


- оа) co 2| 
= В ' - = 
__(П+ајђ ZA di. | -8 di 
- | J {G(t) - G(1/t)} Е | (G(1/t) — GQ} =) 


a 








tte! fea) На 5 _ Лион |. ean 
Вт a -tt А 4—01 
The expressions for G,(2), G,(t) are valid for all values of 8 except т/6, 7/4, 1/8, 8т/4. 
The particular case of the sector ofta circle is obtained by putting «(О = (. The 
. complex torsion and flexure functions for this case have been determined in a previous 
paper (Mitra, 1950). 
In conclusion I express my grateful thanks to Dr. 8. Ghosh for his helpful 
suggestions in the preparation of this paper. | 
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ON GENERATING FUNCTIONS OF POLYNOMIALS (1): 
GENERALISED PARABOLIC CYLINDER FUNCTIONS OF WEBER 


Bv 
5. C. Mirra AND A. SHARMA, Lucknow 


(Received October 12, 1950) 


CEN ul and let РИ" denote the operator DË? 
дуу? dy 
operating on a function n times successively. 

Further let 


1. Let 0%) stand for the operator 


Dim(y) = exp {y*/(2k)}. DGS” exp (—y#/k) 
Dims (у) = — exp fy*/(2k)}.DGy**”.exp (—y*/k) 


where Di +) stands for the operator рф ) We call Dy (y) and Dy, ,.(y) Generalised 
y 


and 


Parabolie Cylinder Functions. | 

In two earlier papers, (Mitra апа Sharma, 1949) we have deduced the recurrence- 
relations and the orthogonal properties satisfied by these functions and also obtained 
many other properties. We have shown that 


быу) = UE RO FUE) p Cm 1/k; УЧ. oxpi-y*/ (210), 
T\(1/k) 
\ 
Diss _ (= 1 E (т +1+1/1) 
kim (у) ^ _ Базе + 1/k) 
When К = 2, they degenerate into Weber’s Parabolic Cylinder Functions. The 
polynomial parts degenerate into Laguerre Polynomials multiplied by constants, when 
we write x for y*/k and l/k = «--1 or 1/k = а according as m is an even or an odd 
integer. lf we denote the polynomial parts by H;,,(y) and Нина (у), we find that 


and 
у ЈЕ, (–т; 1+1/k; y^ jk). exp {—y*/(2h)t. 


H paly) = (~I) (m + I) LY (уу) 
Нета 1(9) = (7-1) T'(m + 1). УТ (уву) 


Similarly Sonine’s polynomials can be expressed in terms of our polynomials. It is 
sufficient to take R(k) > 0. 


and 


In this note we find generating functions for Hy, (y) and Hyg, (у), analogous to the 
generating functions for Hermite and Laguerre Polynomials as deduced by Watson (1933). 
We also use a method of Gh. Th. Gheorghu to obtain a general generating function for 
these polynomials. We first give an independent. proof based on Operational Calculus. 

2. We сар prove by direct term-by-term integration that 


exp (—a*/k) = riy f о (—u*). F (1/Ё; — (аи) Кам. 
0 
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Operating on both sides by the operator DEP, we find that 


DEP exp (—at/k) = CTS f oxp (=u) а" „р; (оа. 
0 


Hence 


exp [-2*/(2k)) Das a) = UPR f oxp (ut). uP y; — (им) [Ви 
0 


Г(1/®) 
Therefore 
\ {ГОГ exp f— (2+ yt) / El Hyg (e) Hy (у). tt р 
2 X Nom (И) 





4% 


aN exp {—(u* + v*)}. (uvt)m | E 
B 214 Tm +1) хор (1;k; (uFz*) E) x oF (1/k; — (оба) рН) идо | 


exp (— uk — v* + иё) 


E [ ePi Ak; = (ин) 1) x FIR, — (ома) диво. 


Now © 
| exp {ме tvt}. F (1/k; — (uta) аи 
0 
E - (1.— tto, exp [—2* (k — htt}. 
Right hand side 


= Iu f exo tot а-ы) Ру; — (v*y5)/ k) x (1 — tvt) -M* dv. 
0 


Therefore 


(- "^ T'(1/E) exp Í- (=* + y*)/k} mk+1- 
> сил exp i= (ha vit Hyg (2) Hy (y). t5*17E 


ms 


r 


= p= | exp {—v* -— 22 / (Е — Ко) F (11; — (vyt) [k). (1 — Ма, 
0 
Let të? = 1/р. Therefore 


УГ, exp {= (88500 н, унуу). 


= Кт Tm +1) EHE 

= f exp (— v* — (ра?) (Ер — kv*)|.p(p — 06) =F (L/h; ~ (vty) [do 
Now if : 

f(p) = №), then p(p--a)7!.f(p-- a) +-exp (—as) h(s) 
Also 


exp (1/p).p7* = et*.I, (2 8). 
On interpretation, we find that the right-hand side is 


= гај | exp { ~ zF/E — 081 + s)] atG/E-D(gy)s(&-1) yt- 
0 


х1 1k-1(2(82fy*/k)t) J e—1(2(y*o*/ k)t).dv, 


48 S. C. MITRA AND А. ЗНАВМА - 
Therefore writing —8* for в and using the known integral 


IET exp ( — p?2?).J,(a2)J ,(bz)eda = {1/(2p*)} exp (— (a° + 6*, | (4p*]. I,(ab/ (2p?)), 
0 
we get after а little simplification 
ud [— (A + y*) | k}. Hus (2) Нь (y).s?* 871 
I'(m + 1 1) Г(т + 1). К" 
= (1—8) 1, kifk-1(gy)Y(07D, exp {— (z* + 05) | (k — Кв) Гл. 1 (281 аРу Ек“ :(1—3')“). (1) 
8. Proceeding exactly as above we can prove that 


(—1)TEm! 
L'(1/k 4 1) 


н =-() 


Dim (у) = exp wy | ЈЕ, , xp (—ul) ,F,(1/k +1; —(u*y*)/k)du. 
0 


Hence 


S (- 1). XP 1 (20 + у) Рата) Hs (y). t* 
I'(m.-r1).k?m*2 


= сЕ | ЕЕ — ut — ak + Ен 
[ПЕРТ | f one u^ — u" + Рико") 


х F,(1/k +13 — (uft) le "(1 Е 1; —(v^yP);k)dudv. 
Without gomg into the details of the calculation, we state that 
Son {= (аи + yP) [E] Has ci (2) Hima (y) V7 
EY Dm +1)0\(m + 1/ E) 
= (zy)*.(1 —8*). exp {—(a* + у“) | (k - ks?) Th x (23(aty*)t.k (1 —87)7) (2) 
For k — 2, we get the formulae given by Watson, on adding (1) and (2). 
А. We have proved that 


mc 


me» 


Н, (ж = Comm. (7 £j qmi. (ule d 
exp (—a*/k)H,,,(2) = Tap a utu" mt (u*z^) /k)du. 
Therefore 
( — 1) exp (—=*/К).Ны(®). t'* 
HOD 2 сатни 


E f exp (—u*— ttut). F (Lik; — (what) [kdu = (ПТИ + 0) И, exp (—2*/ (Ie В. 
0 


Let us put # = 1/p and interpret. We get after a bit of simplification 
уа ОЕ 


тыт лл C3 RW T ааа ае = 1 (k-1) 3 — Ж . i | 
ње КРИВ Г (от + 1)T'(m + 1/k) У exp (—8) I1j,—1(2(a*s [ k)*) (3) 
Similarly 
Aime кмш „Ле ot. exp (—2). ln (228/19), 44) 


~ Ее /(2h) I'(m + 1) 
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- 


on putting k=2 and adding (8) and (4), we get F'eldheim's result (1940), via. 


У" [т1).Н,(@) = exp (дог—.«) (5) 
т=() 
5. We can easily shaw that 
> o Cun Hys(z) 
m-0 


has its generating function given by 


У (C DPI(L/k +1) ашу" no 


3 z(a, x) = 2 Га ИГ + 1) (6) 
where F is an arbitrary function and 
—1)"0(1/k +1) : 
C = (eta td) И Fon) 0 
i К" Г(т + 1/kXL'(m +1) (0) (7) 
Similarly = | 
У а Я з) / + 1) 22)" omy (ok 
dE? т Н т = У (DPL Uk 97 mim 8 
b Cai iH ут+1(2) L kT m+ ljk КГ ЕТ (о) (8) 
where 
= my. 
бы = СЇ МЕКЕ __ фер), T 


k^ D(m --1/k 4 1)P (m * 1) 


We shall now obtain а generating function z(z, 2) for Him(z), in the form (т). exp ft(2)2]. 
It is easy to see thal any such function #(а, x) satisfies the differential equation 


— |8—2— +a. = 0. (10) 
z 


If (а, z) = &а) exp {(9)а4, we have on substituting in (10), 
ké(a).t(a) + а{'(а) = 0 
Ве — (a) + ауа) = 0 
whence we have 
(a) = b(aub--e)-1*, and (а) = (s*/K) (а c)". 
On putting = 0 and comparing with (6), we find 
F(a*) = bk(o5 + с) ЧР 


i.e F(a) = В (о + с) 718, 


Hence 
2 (—1)"Г\(1/К +1)Ь® 2. ны a v I 
б "k"DGOnc1]k)D(m + 1) Ча" oe aeo — КУ (т+ 1) 
во that | | 
oo. com, ат _ k 1р k $ 
DANCES) nay Himla) = (a+ с)- НЕ, exp [4727 (Ка + Кс}. (11) 


In order to find а similar term for the generating function of Him (2), we assume 
7—1783P—1 
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е 
ма, а) = 2 (6). exp (0) = D Crm. ла), 
m= 
Here z(«, т) satisfies the differential equation 
O's pant 88 у agta 88 =: 0) 
да: " бт а 
whenee we geb 
k(k + 1)(9) (а) 7 £(3) +а{ (а) = 0 
Ка) — К (о) + (а) = 0 
во that | 
Са) = ba(x*--c)-1*-1, and (а) = а^К (aF + с)". 
Then 
g(a, x) = æba(at + c) - M71 exp јата “(ан + c) 1]. 
Comparing this with (8) and putting 2 = 0, after dividing by z, wo see that 
Bla) = Бане, 
‘Hence r _ gm Mk -1p | 
та krim +1) 
&o that ј 
от -1-1 imei YR, (a) _ ТИ T | 


We shall now only observe that we can alsBo.obtain relations (1), (2), (3) and (4) by 
adopting the method used to obtain (11) and (12). 
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ON THERMODYNAMICS OF MATTER IN A STATIC НЕГО 


Ву 
№ а. Masumpar, Calcutta. 


(Received October, 28, 1950) 


1. Introduotion. 


The condition of thermodynamic equilibrium of a sphere of perfect fluid in a static 

gravilational field was obtained by Tolman (Tolman, 1934) in the form 
То Vga = const (1) 

where T, is the proper tempsrature and gy is the metric tensor. In deriving this 
condition Tolman started from the condition of maximum entropy for thermodynamic 
equilibrium and made explicit use of Einstein's field equations. We shall, in future, 
refer to this as Tolman condition. 

It is, however, possible to deduce the same condition starting from a different 
condition of thermodynamic equilibrium without use of any explicit form of gravitational 
field equations. The equation of heat conduction can be written in the form 


oT 
—к divgradT = ms 
. where c = specific heat, о = density of the material medium, к = its conduetivity and 
T = temperature. In classical thermodynamics the condition of thermal equilibrium 
(T = const.) is obtamed by putting the right hand side of the above equation equal to zero 
and integrating the resulting equation under the boundary condition of no flow of heat. 
Now this equation can be given a Lorentz-covariant form by the introduction of a '' heat 
flow | vector thus taking ıb over into relativity. Then proceeding as in classical 
thermodynamics we can deduce the condition (1) without explicit use of gravitational 
field equations. 


2. Derivation of Tolman Condition. 


Let us introduce the '' heat flow '' four-vector by its covariant components 


oT от oT 
Г„ = Корь кш, ка, 607 | (2) 


where T is the co-ordmate temperature. Since the special relativistic line-element is 
ds? = - (021)? — (da*)* — (dz?) + (dat)? 
the-contravariant components of the vector is 


ЭТ ЭТ oT T 
да!’ Ка Аба се 


Hence the equation of heat conduction can be written in the form 


I^" = —к 
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ӨГ” o 

Отв 
This form is obviously Lorentz convariant and: hence can be taken as the special 
relativistic equation of heat conduction To get the general relativistic form we appeal 
to the two fundamental principles of general relalivily, viz., (1) principle of general 





covariance, (2) principle of equivalence. We choose 
| Dey (3) 
as tte required equation of heat conduction, where (;) denotes covariant differentsation. 
Because, firstly, this equation 15 covariant with respect to general co-ordinate transform- 
ations, and secondly, in the neighbourhood of a point where it’ is possible to introduce 
Galelian frame of reference the equation reduces to, the special relativistic form. 
Equation (8) can be written as 


[o ПЕ Е Я 
T g)) 0 (87) 


Now in the general Riemann space let us consider а lino-olement of the form 
ds? = —g,,(dx*)? — galda")? — gs (427) + g (4! 


In obvious cases of symmetry the line-elements ‘will cerlainly take this form. Since 
the gravitational field 1s assumed to be static, the metric tensor will be independent of the 
time co ordinate z* 


In this field lel us consider a medium in a steady state of temperature. The 
equation (8’) reduces to 


ao 11 = oT Во 11 " or) 
2 (9 у ( 951 РС / ( as + 





ass (9 “м (— -9 = =0 (Ва) 


From this we have 


ИЛ Bat as (n 0 дә 3 )+ 2 Bat! СЕТЕ Nz £s : (s vC -9 27, ) јаз ааааа 0 
nS Г [( "м (-9). 97) дада «(ev Эа ) dede + (9° v- 9). 91 ла =0 


T МРГ Т 
or. ГГ IE: V (9239349  ) d^ d + =, У (95,91,9 dz? da + = / (99,45 dade ]=0 





Let us now consider an element dS of the surface S enclosing the domain of integration. 
Let v be the unit vector normal to dS. Then as shown by Levi-civita (Levi-civita, 1929) 


—-> 
= (у. а) у g!! = cos „ун 
d8v! = 48 cos G) Vg" = У (05432058) а?а, 


Similarly, 
d8v? = V (Jagg dada, dB? = y (9119129°°)42'4т”. 


г 
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Hence the.above equation reduces to 


| P М 944 A + Sot Sev dS = 0 
oe к | 1 





Pm TJ as = ав = 0 | (8b) 


Bo this js the condition to be satisfled at tho boundary in order that (3a) may be 
salistied throughout the region This condition may be interpreted as: the total flux of 
hent energy into the region across the surface is zero. For, "Ё we refer to proper co- 
ordinates, (Bb) reduces to , 


ОТ, 48 0 
JIZ 


(where T,'is the proper temperature) which is, indeed, the condition that the net flux of 
heat energy into the region 18 zero, The Interpret ition is possible even without reference 
to proper co-ordinates. For, OT [Ov is the Hux of heat energy аб a po nt of the surface per 
unit time. Hence the flux across a surface element dS for the co-ordinate time interval 
dt i.e., the observer's time intervalg М gadt is 


т 
~ 48. y g, dt 


Hence the total flux across the whole surface in the said interva! is 


: af on V 9,415 


and this is equal to zero by (8a). This is the case of the medium being in a steady state. 
In the state of static thermodynamic equilibrium; however, there is no exchange of energy 
between the interior and the exterior at any point of the surface. Hence in this case 


<= 0 (80) 


e 


everywhere on the surface. 
Next let us consider the integral 


JIS "Lax ( vo £ )+ & (o via) 55) + S (очса 25 asas: 


о ӨР, ET T 
= тузы ~ V (9239339 )d dz? + даа У (Ja391197 Jda de! + a V (018449°°)4а^ 4а | 


2 2 "e ` u 
[ff ecole) e) et ens 


2 


Гога Јо) (у е уре 


where dr is the three-dimensional volume element, - 


^ 
< 


b: E " 
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Now the integral on the left is zero by (За). The surface integral on the right 18 
zero by (8c). Hence 


JJ] ["( 25) + +9 (25) eg PY] удао 


The coefficients g!*, 922, g?* are all positive ; Hence the integrand is non-negative at 
every point of the volume. So since the integral vanishes, the integrand which is 
continuous everywhere, must БА аб еуегу PE of the volume i.6., 


DU ox У) СА Z) =< 


Again since 9'!, g^, 9°° are positive this means 





throughout the volume. Hence 
T = const. (throughout the volume) (4) 


This T, however, is the co-ordinate temperature. To find its relation with proper 
temperature we starl with the corresponding relation in special relativily 


T = Toy (1— 8") 
de f daN | {daN 
EE penali add ee 
Шо ia (та) +=) s) 
Here ds? = — (dz! — (da?)* — (da?)* + (dz)? 
da ) _ " 
(=) = 1-5 
_ mada 
AE 


We assume that the same relation holds in general relativity. We have assumed the 
line-element to be of the form 


ds? = — 9110922)? Кока E gs, (dz? )* T g (da)? 
da 
(24) = Jaa 


since 20. = 0 (= 1, 2, 8), the medium being at rest, 


d 
4 = Toga = Том Jaa 
Hence (4) reduces to 


Том Gas = const. 
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which is 'Tolman's condition. 
Next, instead of static thermodynamic equilibrium. let the medium be іп a steady 


state. Let the boundary of ths medium be maintained at the same constant co- 
ordinate temperature T throughout, Then 


ff [ES vc-o- 91) + Sen 0 5) + S (o vc) E) rear 
= ff voas- ff [По (37) н) (2D) ные 


As belore, the integral en the left vanishes by (За). The surface integral on ihe right 
vanishes by (8b). Hence as before 


ГЛ] [ (85) (97) Fg P( 9T) | уг = 0 


The same discussion as before, now shows that 








T = const. 


Г.е., Там Jaa = const. 


It has been assumed that the boundary condition has been so adjusted that Ty gai = 
constant on the boundary. From the conlinuity of Tiy ga 1:6 follows that the value 
of the constant is the same on the boundary as inside and the boundary condition can be 
attained 


3. Conclusion. 


In the above discussion we have started from a different assumption for thermo- 
dynamic equilibrium from Tolman’s and have deduced the condition without explicit 
use of any form of field equations во that the condition remains valid even if alternative 
field equations are proposed In fact, the condition will remain valid as long as the 
geometry of space 18 assumed Riemannian. Also, by avoiding the field equation, we have 
avoided any sssumption about the structure of the material medium since the stress- 
energy tensor Тур appears nowhere Moreover, it has been shown that Tolman’s 
condition holds in a steady state 1f the boundary condition is properly adjusted. 

In conclusioh, I wish to thank Prof. N. R. Sen for his helpful guidance at every 
atage of the work, 
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CALCUTTA MATHEMATICAL SOCIETY 


Report of the Council for the year 1950 to the Annual 
General Meeting of the Society 


The Council of the Calcutta Mathematical ‘Society has the pleasure to submit the 
following report on the general concerns of the Society for the year 1950 as required by 
the provisions of Rule 25. | 

The Council: The Council of the Society for the year 1950 consisting of the officers 
and other members elected at the last Annual General Meeting and co-opted thereafter, 
together with the Editorial Secrelary, was constituted as follows: 

President 
Professor M. R. Siddiqi 
Vice-Presidents 


Prof. Е. W. Levi Prof. B. B. Sen 
Prof. V. V. Narlikar Prof. A. C. Banerjee 
Dr. S. К. Chakraborty 
Tieasurer 
Mr. 8. C. Ghosh 
Seoretary 


Mr. U. R. Burman 
Editorial Secretary 
Mr. P. K. Ghosh 

Other Members of the Council 


Dr. 5. 5. Pillai Prof. C. М. Srinivasiengar 
Dr. R. N. Ben Mr. В. М. Mukherjee 

Dr. T. Vijayaraghavan Dr. N. G. Shabde 

Mr. В. Gupta Prof. N. M. Basu 

Prof. N. R. Sen Dr. À. C. Choudhury 

Dr. В. Ghosh . Dr. P. L, Bhatnagar 


Dr. 5. В. Bhatnagar (Co-opted, representative of the Government of India). 


General: The various activities of the Bociety have been carried on throughout the 
year in much the same form as in the past few years. The Council has the pleasure 
to report that the United States Vice-Consul in Calcutta was kind enough to pay a 
visit to the Society with a view to present personally some scientific papers from the 
United States Atomic Energy Commission. The Council offers its sincere thanks to the 
Vice-Consul for his personal visit and to the American Atomic Energy Commission for 
these valuable publications. 

Membership; The Council records with regret the death of one Honorary and two 
ordinary members of the Society during the year,under review. They are 
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Prof. C. Oarathéodory (Hon. Member) 
Dr. Б. В. Pillai 
Mr. Prasanta Kumar Chatterjee. 
The death of Dr. Pillai occuring under most tragic circumstances in an air crash while 
on his way to the United States, has been a severe loss to the Society. The Council 
recalls with grateful appreciation his services ав a former Vice-President and a member 
of the Editorial Board of the Society’s Bulletin, and conveys its profound sense of 
sorrow to the members of the bereaved family. | 
The Council also reporte that there has been a number of additions to the list of 
ordinary members of tho Socieby, seven new members being elected during the year. 
Meetings During 1980: The Couneil held six meetings during the year and there 
were five ordinary general maetings devoted to the reading of original papers communi- 
cated to the Society for publication in its Bulletin. 


Publications: During the year under review the Society has published three 
" numbers of the Bulletin namely, Vol. 42, Nos. 1-8. Tbe Council again records the 
the Bociety's deep indebtedness to the authorities of the Calcutta University for printing 
the Bulletin free of charge and to the officers and members of the staff of the University 
Press who have made every endeavour to bring out the Bulletin in time, inspite of 
conditions in the printing industry being still very difficult. 


Exchange of Publications: The transmission of the Society’s publications to various 
countries in the world has been carried on regularly during the year and some 
new exchange relations have also been established. -Itis a matter of satisfaction 
that the society 18 now in exchange relation with almost all the mathematical and 
physico-mathematical societies of the world. 


Library: It was mentioned in the previous year’s Council report that the usefulness 
of the Society’s Library had been considerably enhanced by the addition to the existing 
list of some periodicals which could not be obtained on an exchange basis and it was 
also stated that a capital grant from the Government of India made this possible. Тһе 
Council is glad to report that out of this grant three more journals, namely Astro- 
nomische Nachrichten, Helvetica Physica Acta and Transactions of the American 
Mathematical Society have also been purchased during the year under review. 

The construction of the steel shelves undertaken in the latter part of the previous 
year has been completed al a cost of about Rs. 1600/- and 16 в hoped that the 
additional shelf-space thus provided for the library will rélieve the congestion for some 
years to come. 


Finance: The annua! accounts of the Society for the year 1950 have been presented 
{о the Council in the standardised form by the auditors Dr. S. К. Basu and Mr. М. L. 
Ghosh. The Council gratefully acknowledges its indebtedness to them for their honorary 
services. 

A comparison of the receipts and disbursements accounts would show an apparent 
deficit for the year. It may however be pointed out that the amount under the head 
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books and journais was available from last year’s capital grant of the Government of 
India. This would account for this deficit. 

Ihe Society received a grant of Rs. 1000/- from the Government of West Bengai 
and a grant of Rs, 500/- from the National Institute of Sciences of India during the year 
under review, and the Council has the pleasure to report that these grants have enabled 
the Society to maintain the improvements in the Bulletin. The Council takes this 
opportunity to offer its grateful thanks (о the Government ot West Bengal and the 
National Institute of Sciences of India for these grants. 

Office Staff: The Council regrets to report that the Society’s bearer Ramgolam Ram 
who had been on long leave on account of illness died in November last ‘The deceased 
rendered а long period of honest and faithful service whieh the Council sincerely 
appreciates. 
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POLYNOMIALS AND BESSEL FUNCTIONS - 


By 
A. SHARMA, Lucknow 





(Communicated by Dr S. C. Mitia—Received November 6, 1950) 


1. Recently Б. C. Mitra (1985, 1986, 1989) has obtained certain relations between 
Legendre Polynomials and Bessel Functions. Other interesting relations were later 
obtainéd by В. М. Bose and 5 К. Bose. ‘The object of this note 1s to generalise some 
of these results by replacing the Legendre Polynomials by Ultraspherical Polynomials.- 
We use these results to obtain certain generalisations of integrals involving Bessel 
Functions obtained by B. N. Bose (1944). We do not obtain here the analogous 
generalisations of the results of В. К. Bose (1946), but they can be easily obtained. 


2. Here we use the following Rodrigue’s analogue for Pia). 


A rui 2)" L'(n +A) (n + 2A) dn 03 EC 
Р = АВ ан йа" 


This reduces to Legendre Polynomials for А = $4. For Л = 0 апа 1, we get 
P$(z) = cosn@, Pi(z) = sin (n+1)6/sin 6, 
where z = cos 0. We shall throughout consider А >> — $ (unless otherwise stated) and 


п a positive integer. 
We shall have occasion to use the following integral very often. 


ref Ps(1—2y*)(1 — у2)^- Lili. (At+r+v > – 8). 


In order to evaluate as we put 1-2y!2 т and we find after a little simplification, 


_ пера saat rt DD Wr кА +) | | (2.1) 
O MIDA + r--n + ОГ (у o r4 n- 2А 1) ie аш 


On using (2.1), we can easily deduce the following results : 


1 mov 
f Pas. = FON anra) (2.2) 
0. 
ji PA -257) (92). (1— опреза = СШ +) p- Tues aale) (2.8) 


| 1I'(n + 2А 
f Pa 29-9243. ар = ЕКЕЛШ Sechs) QM 
0 


- 


г Р»(1-2у').Н»- (уз). ++. (1y) tdy 
0 . р 


СА) Ози" D (сун games ;| e» 
-. (А). 2° па виза „Г(т-п+Г(тчтч na 
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And 


1 
Ач a Х 4319. — 1 = zI (n + 2a) 
] Р»(1—25°).К,(дуа) y>. У = О) 


Multiplying both sidos of (2.4) by 27^** and differentiating with respect to 2, we have 


a Lua (8). Esa (2) (2.6) 


1 
] Р» (1-21). у\+3. 4+4 (уз). (1— у%)%—34у 
0 


Г ӘЛ). тї ^- 
= ry А] [ (+ да) Јао 1 (8) 7 Jo 4: -1(2) ]. (2.7) 


Multiply both sides of (2.7) by ++ and differentiate with respect to #; then we have 
1 
f Pasco -ydy 
0 , 


_ In 2A). пі gant д 
ОХ iT anI” 9A) 9 јао 1 (8) — 224-3 - 1(2) ] 


Моге generally we find that 


(2 8) 


| | 
] Ру(1— уз). Ја(ув) ут. (1 — y dy, (mA > -}) 
0 = 


_ C PI (в + 2). I' +4 + т). ра)" 
2A nI (A) . I(m—n-1)P(m-F-n- 1-22) 


x Е. (т А+; т-п+1, mtnt1+2a; — 12°). 


_ (7 2)*P(n-- 22) (от +044) 


DX ГОА) CI: 


(—-n— А+), (9 +А+ 4), (т + 1 +А т) (т +++ 27) „у 


т rA 2.9 
тЇГ(т—тп +1 +т)Г(т-+єп-+1+ 2041) +itatarla) (2.9) 


T ва () 


The' formula (2.9) is obtained on using formula of B. N. Bose (1944). 
If^m—n is a negative integer, we easily have from (2.9), 
f Pi(—2y*J4,0(2)y"*9.(1—33) -3dy, (m+ 29 — 14) 
0 


um (DPI (n 2411 (8/2) ( - 1)*I'(m c A + о Г(г + 29 – т ФА ге +: +А+,%) 
i 2** n IITA) — Г(т +5 A — r)E r+ 1)E(7 4 n — те 1)D'(r + 2n + 2A +1) 


x (тъп —-m +А+ 3) spon mas (2). (2.10) 


In a similar manner we have for ail real values of m, 


1 
|| РАТ — 2y*JJ, (ув) у" (1— уз -4dy = С үш +2) (2/з pue 
0 2?.nlY(A) | 


(m +2n+A+4+4+ 27) 





еы ыш 
= Г-А+туг (тп +1+7)2(21+1+24 +r) 


. X Jm pone (8). (2.11) 
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8. Relation between Whittaker Function and Ultraspherical Polynomials. 
By using (2.1) we can show that if 2т + 1 18 not a negative integer, 


1 
] Py (1 ~ 2y?).(1 — y?) 3 (yz) nta exp (— hy?2). Mi (03) у 
0 i 


_ (—1)%х+Г(зп + 2A). (32m + 1)P(m - à - А + n)PQ E EAn) TES 
22 н 1А) mti ALn tI 2А) m+ 


x ,F,(m-r 4 kn, A+ł+n; 2т+1 +, 2n+1+2A; —2?) (8.1) 


since in this case we can make use of Kummer's first formula. Putting m = 4A—j, 
we have 


1 
] Pall — 2у).(1— у°)^- Ну) Mi (уйу 
0 


ТА + (п + 22 – ту РА ЊЕ ++) gy О 
А) п ПАГ ить $56 654 ХМ дома“). (0.2) 


Similarly, putting k = n+2A+4—m, we have 


i 
] РА(1 —2y*).(1 esa) ТАНИ, exp (= 60222). Mic ea su]? z dy 
0 


op De Eee aE ane АТАШ, 
о T'(A).n (п + 9А + 19m +1 +) 


For А = 4, we get Mitra’s results. 


exp ( — &2°)2%М p - m m4 4 (2). (8.8) 





4, We now consider the integral Г,, 


1 
1, = | Pi — 2у7). (1 —y*» Тар FT ay (ya) Ф(уг)ду ; (А + ду > — 8). 
where 
Ф( уз) = (n vo ДА + (2 А + dy, (у) 
+ (п—у + grt 0) (п + 27), 2). 
On using the known formulae for product of (wo Bessel Functions and the formulae (2.1), 
we find that 


n = [, te pe Bde 
| D(v—1A— n ОГ (у - 2A * n1 


S (-D'T(»-27).2(6— pA + Db (n + Bo 2 — (п + AN sen | ПР +) 


ril'(r-v—4A—n- ГО ту ФВА +–"п + Аду or ix 2A n IDA) 


= (n+A+ (иф + 00а) е2 шы (2 0,8" r) 
where TE m (  1)*I(2v + 20) 2fr(n + BA + + (n + 24v] 
"тенъ ФА пъ JI(r-v-3Av- nc Ф) ГР + r4 1) 


апа 
= {Г (у= А –п + (у -8A кп DI. 
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Consider а set of constants {A,}, where 


A, = 1 
is poo) 
== хо r A tàth f = 1 9 
А, а 2[r(n + 8A + 3) + (n + 2A] or 7 pm 
r—1 


Let us denote by 
(—1)”т*Г(» + 2А) 
2?n 1T'(A) 


the T,-transform of the integral 1. We can then prove that 


(а dx раје ey?” 


Til, = (п +А+ 8) (v— А + (ба) ^, p aee GJ eden - M) (4.1) 


For A = $, T, is the identical transform, and we get the interesting result of Mitra (1930). 
8. Some Applications to the Evaluation of Integrals of Bessel Functions . 
If we put tz for # in (2.2) and multiply both sides by (tz) and differentiate with 
respect to t, then we have " 


1 
Pi —Qy?)(1 — у2)^-+ aJ _ пГ(п+2А) d 9 | | 
| ( y) — y?)*-4(Qya)(tya) J, -1(9tyv)dy Fin Da) di Ав) (5.1) 


Hence multiplying both sides of (5.1) by t"(1 —13)^ and integrating from zero to one with 
respect to # and observing that 


1 
f AHJ, v Qlys) (1 £)«dt 


0 
~ >» С)" (уа) Dirt фу А)Г (и +1), 2 
24 Гал) _Г(т+{у+да+А+1)/, (ДА v 2> 0, и:>—1), 
we find that 


1 
f $ Une ER – ttdi, (ФА +у 2-0, и>-1, 
0 


УГ (в +Л)Г (n - A + и + dv +1)Г(2 + 2041) 


x gh (nt+Atdv, ПАУ; ПА, n+Atpetgvel, Эп+9А+1;-—4?) (5.2) 


Ав а particular ease, let us put и = —4, v = 0; we have for A > 0, 
1 
а * * 
3; Мањи) — 22) -tdt = Јачи (22) (5.8) 
0 


Let us put 24 sin 0 for 2 in (2.4) and write the result as follows: 
1 
[ Р\(1 –2у5).(1 9-4. J, (дуг sm 6). 
0 , 


a WEL + 2А) Janpol sin 6) + Joy + -1 (28 810 0) 


n IPQ).2:7i 2(2n + 2A). (22 sin 6^ - 1 (5.4) 
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Integrating both sides from У to 47 and using the wellknown formula 


‘ {с 
= J Ј, (22 sin 6)d8 
7 
0 
we have 


_ Г(п + 2A) (2g)3 7^ 
р^ \~ РАФ є _ И 1 Ве | 
[ 1 -3,.0 7 у гуму, Yay nID(A}. 73 2(2n + 2А) 


к, Bote ДА +], 21+ 2A, п iA + 3; — 23) 


| АНА -IDin + 3A + 1) 
I'(2n + 2А) (n + ДА + 3) 


ВЕНА. 
I'(2n--2A-- 2) (п + зА + 1) 





6. We now use the well-known formula 


(1—92hz + h*)- = 5 Ре). В 


~ 
we 
s 

o 


to obtain certain integrals involving Bessel functions as a series of Bessel functions. 


Put 1— 2y? for 2 ; then 
o 
(L-A) аур = S "Ра -2y). 
љо 0 
Multiply both sides of (6.1) by J,(2yz)y^ (1 — y?) t and integrate, then we have 


1 
J Ji(2y2)y^ (1 — y*)* 7 *1(1 —ћ) + 4hy* Хау 
0 


2 


= У» руа аул Оно) yay, 
On putting h = 1, we havo 

f s Gioia rhy = E -I „эы ed Jaala). 
Similarly putting У = — 1, we have 


1 = 
f T Gyr) -y)dy = Тес; 7 ХС 1)» ЕАМ лаа) 
0 


then) 





Similarly we have from (6.1) and (2.4), 


f һи s(ye)yt^^(1— y?)^7 





ан etin Jaca] 


and 





1 1 € 
[ Ј, -+(уз)ух+3(1 — у?) -1dy = B Ў Т2) ра) 


0 teen) 
7. We shall now evaluate a few more míegrals 
On usmg the Weber-Shafheithn formula (Watson, 1922) 


Py(n +4048, ди 239, n JA 1, -45] 
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(5.5) 


(6.1) 


(0.2) 


(6.3) 


(6.4) 


(6.5) 
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f J (bt) J (а 4/ (13 + 2" )jd (с (13 + 27)) i»-1dt 
А (P + 23)" 


_ 2T (p) J faa) (ca) 


рн. 22 


we have from (2.41, after putting (t? + z*)* for а in (2.4) and after multiplying both sides by 


6 > а+е, R(2v- 88) > R(p) > 0. 


a J^ F 
the following result: 


Joy cox (У ({@®+ а 1)), di (см (1° 42 Yyt«- 1 
[> ет 


ge~ 11 
— ый Joa (92). JA (са) (7.1) 


for 2А++# > и > 0, b 1+с. 
This result was given by Gegenbauer (1884) when n = 0 and = 1. Similarly 
again putting y (! + 87) for e та (2.4), and multiplying both sides by 


J +1050) 18 (t T gtt 


and on using Bonine's discontinuous integral 


ЈА Jy (Ре) у, (bt) ladt m 21 (t1). Југ), 





(Par (AER e Primam. 02. 
we ee 
2 8 
Dea к Jii (Ви = LET Ug, ale); (фА+1:> а>—1), (0 2 1). (7.3) 


a result which has been given oy Gegenbauer (1884) when n = 0, 


Wo note here that in all савев teim-by-term integration, change in the order of 
integraticn and differentiation under the sign of integration are easily justifiable, 


I take this opportunity to thank Dr. S. €. Mitra for his help and Bürdenos in the 
preparation of this paper. 


Leoxxow ÜNIVEESITX ES с 
Luogxow 
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ОМ RULED SURFACES 


Bv 
В. 5. MISHRA. Lucknow 


(Communicated by the Secretary—Received November, 7 1960) 


4. In this paper we propose to study ruled surfaces by using dualistic vector 
calculus introduced by E. Study (1902). А lucid exposition of dual vectors applied 
to line-geometry occurs in the work by W. Blaschke (1924) | 

We call the rectangular trihedron, determined by the generator, the normal to the 
ruled surface and the tangent (о the ruled surface at the central point of the generator, 
the Principal Trihedron Т. Using this principal trihedron, we find the skewness of 
distribution, a concept introduced by V. Rangachariar (1945), of the ruled surfaces 
formed by three edges of the principal trihedvon. We also find the condition that the 
osculating quadrics of a ruled surface be equilateral 


2. Using the notion of a dual vector a straight line ‘A’ is represented by the 
equation, 


А = a-ea, | (2:1) 


where ‘a’ is а unit vector along the generator and the vector ‘a’ represents the moment of 
the unit veclor along ‘A’ about the origin of coordinates. 
The fundamental relations here are, 


aa=1 5 aa= 0. (2-9) 
Ав Е 1. 
(А.А) = (а.а) + 2e(a а) + e" (а.а), 
the point with the dual coordinates ‘A’ lies on the unit sphere (A.A) = 1, 
if a = 0, (2.3) 


For determining a ruled surface, we suppose that the line ‘A’ is the generator of 
the ruled surface and it is a function of a real parameter ‘t’. Thus 


А = A(t) = a(t)t+ea(t), c? = 0. (2'4) 


Let A, = A, A4, А, be the dual vectors of the three odges of the principal trihedron at 
the central point of A. 

Tf dashes denote differentiation with respect to ‘t’, then (Blaschke 1946, 
p. 196-7) Р ‚ 

А; =РА,; А; = —PA,+QA,; Аз = —QA,. (2:5) 
where P and О are called the dualistic curvature and dualistic torsion respectively 
(Biran, 1941, p. 125), and | ‚ 

dj = ра; аа=—рау+фа,; dy =— 183; (2°6) 
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— 7 


а = pd, фра, d» = — ра, + да, — ра, + да, ; аз = — фа, — qe. (2-7) 


The quantities P and Q are such that 


P = p+ep = J(A)i Q = q+eq = (А, Ay 41)/41°, (2:8) 


whence 


р = у (ал); р = (а.а) у (a) : 4 = (a, а a; )/а®, 
(2:9) 


а = ((a, аа) + (a, a a) + (а, а ai} ja? — (а, ај ај )(а а) / (07)? 


3. The parameter of distribution of the ruled surface is given by (Blaschke 1924, 


pa pip. 
The skewness of distribution of the generators of the ruled surface is given by 


p = (a, ај а) (а *)8® = qup. 
The object now із to find the skewness of distribution of the normals to this ruled 
surtace at the central points. 16 js given by 
pa = (а, аг аз)/ (as }?}, 
which by virtue of (2.6) becomes 
Из = (аа —pa,+ga, —– ра, – фа, –ар+а,9')/ (р? +47), 

ог из = (pq! — p'q)/ (p° + 9°). 
из vanishes if pq! р'9 = 0, if q/p = constant, «te. И the skewness of Фафтђ оп of 
the оппа] ruled surface ів constant. But u, = 0 is the condition that the normals to 
the ruled surface at the central points are coplanar. 

Hence the normals to a ruled surface at the central points of the generators of 
the ruled surface ure coplanar if the ruled surface has constant skewness of distribution, 

Similarly the skewness of distribution of the ruled surface formed by lines A, 
18 given by 

| из = (а, а; aj (аз), 
or, in consequence of (2.6) 
из = (a, — да, рда, — да; — g'a) 4" = pq*/g* = pha. 

Hence the skewness of distribution ој the ruled surface formed by the lines A, 

is reciprocal of the skewness of distribution of the orginal ruled surface. 
© Thé lines A, are coplanar if the original ruled surface is such that its sphemcal 

representations are minimal lines. 


&. We now find the condition that the osculating quadres of the ruled surface 
be equilateral. 
. We know that the condition for this is (Ram Behari, 1946, p. 30) 


a!. a —a4 .z! + 2a.z'(a.a* —a'?) = 0, (4.1) 


where 2 is the point on the base curve through which the generator passes, 
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Let х be the vector of which the origin is the fixed pomt О and the extremity 1s 
the origin M of the principal trihedron. I. We then have (Blaschke, 1924, р. 197) 


a! = qa, + pas. | (4.2) 


Taking the length of the arc of the line of striction of the ruled surface as a parameter, 
we have 


and hence 
Use of (4.2) and (2.6) in (4.1) yields 
pas(qpa, — pga, + a,q! + asp!) — (ga,  pas)( — р'а, + pga, + ap!) 
+ 2a,.(qa, + раз) [a4.( — p*a, + pga, t+ ap) — p°] = 0, 


р(ра+ 4) = 0, 
1.6., either р = 0, which means that the surfaces whose spherical representations are 


or 


minimal lines have equilateral osculating, quadrics, 
or ERN 
pq qp = 9. 
The ruled surfaces formed by the normals at the central points, have equilateral osculating 
quadriea if 
a/,.z" — а! c! + 284.2! (a,.a" , — а) = 0. 


Using (2.6) and (4.2) in this equation we get, 
(— ра, + да.) (дра, m pqa, + ад! T аур!) — (–р'а, — q?a,—a,p'c ag) (qa, En ра.) 


F да (да; T Das) [а,.(— р?а, —q*a, — ар! + a4q/) —р*%—4%] = 0 


or EE _ Е 
р'9+90' = pq! * q'p. 
The ruled surfaces formed by the lines A, have equilateral osculating quadrics 
if 
05,2 — dg. + 2a, . (a, 5 — ав?) =), 
ог _ Е 7 _ _ а 
— да,(9ра, — pqa, ^ a,8' + ap!) — (ара, — 9а, — 449’). (да, + ра,) 
T 2a,.(qa, + рад) [a,.(qpa, — q’ — aq’) X q*] = 0, 


or 2 
| q(pg * qp) = 0. 

Therefore the ruled surfaces formed by the lines A, have equilateral osculating quadries 
if either pq--qp = 0 ог 9 = 0. The second condition 15 equivalent to the condition 
that the generators of the original ruled surface are coplanar. ‘he first 1s the condition 
sufficient to make both the surfaces formed by the lines A, and A, equilateral. 
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ОМ SOME OPERATIONAL AND OTHER RELATIONS INVOLVING 
TSCHEBYSCHEFF'S AND LAGUERRE POLYNOMIALS 


Ву 
NALINI KANTA CHAKRAVARTY, Krishnagar 


( Received January 17, 1951) 


Introduction. ‘The paper deals with the derivation of two formulae in operational 
calculus connecting I'schebyscheff’s polynomial T,,(2) respectively with the parabolic 
cylinder function D,,(2) of integral order n and the product of two Laguerre polynomials. 
A few results connecting Laguerre polynomials with the parabolic cylinder functions as 
also Hermite polynomials have been obtained. Hankel Transforms of orders О and 
1 and some infinite integrals obtainel as a direct consequence, have been studied. 
In what follows, we have defined Т„(=) by 


| Т (2) == (1/2"7) сов (n сов“ја). [Hobson] 
The results obtained in this paper are believed to be new. 

1. From Mehler's formula involving the product of two parabolic cylinder 
functions, vis, i ` 


лы і" D, (= р ете 1 bm [e - C ү | 
niy (фт) М1 09) 4(1-#) 
we have, on ыы 
ety=2u and z-—y = w 
and simplification, the relation 


pu = exp {ttf} а xp {tH 
(1-8) b» D,(u +0)D,(u—») exp | = (1.1) 
In virtue of 
Иа, (x) = exp {x(t —1)/(t4- 1)) (1.2) 
т=0 
where fanle ) is Bateman's k-function, the equality (1.1) takes the form 
I(r- t 
> d uo: D,(u+0)D,(u—v) = 2 ih, (hu?) > D'i"k, (40°). (1.8) 


1t vids бе 5 that the domain of convergence in each of 4) , (1.2) and во ш (1.8) is 
[| « 1. 
Equating coefficients of t?"** and t?” from both sides of (1.8) we obtain 


T 27+1 
I 2 Г(т—8— 4) Се ИТЕР | ‚ 
2 m (T—8) тее Danilu +) Бш, (и 79) = > 1) +252050) ога) oo 


and 
iy Dco) _ 
ИДЕ 2 Geiger A PO Datt v) 


Jr 


=> (HD hyde Vor ви) (L5) 


19 NALINI KANTA CHAKRAVARTY 


where we have utilised the relation 
Г(—#) =-2уа. 
(1.4) and (1.5) therefore connect parabolic cylinder functions with Bateman's k-function. 
The relation 
Lale) nL4.,(c) = (—1)nletzk,, (32) 
being kept in view, 16 18 evidently possible to obtain from (1.4) and (1.5) a connection of 
Laguerre polynomials with the products of Parabolie cylinder functions. 


2. Proceeding neat, as in the foregoing article, with the generating function 
(Titchmarsh, Бе 


te t^e" "TH, 2)" (2) x (-= ш А 
о Bate ав а-в"? nu) 11 
where Н, (=) is ilio Hermiie polynomial, we obtain EE 
С > Же CT (Ha GP = exp (2). (2). (2.1) 
wa) 


Whence putting z* = ђе and making use of the operational representation 


exp (4e). E, (42). p^! (p^? — 1)" 
we have 


1х Ге 
Пру. Ky 2°8+3(r— 8) 1(28 +1) ! 


Interpretation of the ight hand side by 


Ly (я) ки үсү 
ni —— p 


(2r +1)! I(r—a— —3) bu _ | 
2 m > t tala W ai G 928+1( в) [(08 + 1)! | (28 d 1) | {Haes (V (2/2) ЈУДА) (27 + 05,2) (2 8) 


which may also be otherwise derived. Similarly 


На (у (2/2)P = рр". (2.2) 


leads at once to the relation 








en т 2 dae {Н „(М (2/2)? = 2rLar (2) - Ги (в) E (4.4) 


2 A q P2 S B 
From (2.8) and (2.4) making use of the result, E т BA i 
Н»(=) = 24* exp (627). D. 3) - (3.5) 


Eu dd cami ans 
UN 2 Feat у Del тёр 4а%).[1„+(2°) (де + 1)Lar(#?)] (2.6) 


~ 


~ 


and 





(2r) | Lr —8 —4) ш 3 үш” 3 
D (r — 8) атр) 112200) = exp (— $2"). [2"1,._1(82) Г.) |. (2.7) 


We conclude from (2.6) that the function 
exp (—32*)27* [L4 (47) - (21 + 0 1,,(2")] 
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and so 2. (42°), is self reciprocal т the Hanhel’s Transform of oider 1, since 
873 D GV) ig 8o.* 

3. Representing the L Н. 5. of (2.2) by F(z), we readily obtain 
exp (—2).F(z) = р" (р 19*** = f(p), say, (8.1) 


wluch, by virtue of the relation 


pn fü p) = | (191, v (еп) ајде 


0 
when /(р) == h(z), leads to 
D - _ = ехр (— 2) 227 +1 
] (eis) (2y (80) exp (- Рода = SEC OST, (8.9) 
since p . exp (—2)s 5 
(р+1) а 7  T(2rx2) 
In terms of &-function (8.2) reduces to 
| i — јаја» арса 
Гев J (2 (28)) exp (— 48) kag, (48) го +9) (8.8) 


Again, trom the operational representation 


„Ум + (уһ), n: 
( px) (p) + (zF) he) n0 
we have 
гЕ'(г) = -p J, 0 ee = (2r+1)p7 (pu! — 1)" + 2rp^! (p^! — 1)?*7!. 


Hence proceeding similarly as in (3.2) we derive 





f М (28)J,(2 y (ав)) exp (в) (в) да = E mM (в + 27) (3.4) 


Further, with f(p) having the same meaning as in (8.1) we have 


ЦЕр) = РА фр)“ 
So that, by the operational relation 


pp) + f Ји (zey)h(e)ds 


0 
е h © У i ar 
we have f J {2y (гв)) exp (—8)F(s)ds = "ERN [2r -- 1— 5]. (8.5) 


0 
Proceeding similarly with 


1 I'(r-8-—34) 
ПС = = ЗЫ 2 [2)) 3 
ví ) ‚ 928 (7 — в) ! (28) ' i aa ( / ))} 
* Vide Mitra S С (1986) and а remark by Watson (1936). Also Titchinarsh (1943, р. 262). It may be 
remarked that similar conclusion cannot be made for (ће function defined by the R. 8. of (2.7). 
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we can deduce integrals of the types (8.2) —(8.5) for the function (в), consequently 
r дель баў exp (а = SRLS 8.6) 
Writing the relation (2.1) in the form 


1 : Il'(r—s-—1) 
I'(- 4) 2 T ADR Dua (9) = Fari (487) (3.7) 


Бу (2.5), the following infinite integrals involving k-functions may be immediately 
derived. 


Since © 
| г „(2) 82 = (2т)т! (M.A., р. 851). 


We have 
[Ж (12?)da = ur >> Г = == а. (3.8) 


(r — 8) 
combining Howell's formula (Howell, 1988) vis. Ro . gf HE 
= = ‚_ (A+ Lais a Ar ) 
ш i = ыс. 
[ox вх).2-+*) „(2 У (Ах) О „(2 Џ (ux) dx =n! ул А РА (rij e 
with (8.7), we have, after slight simplification, 


| exp (—2 cos 26).2- "о (2) да 


0 
2 1 v I(- 8— L(r-s—1) 2841 
= 7572. 24 "ser" (tan 9) sec 0. Ра, „(совес 20). (8,9) 
Further, since (Howell, 1988). 
f oxp (вайа). D. (e раје уда = у тп 1Ga  2)7 exp (ав) (20), 


— 


where m and n are positive integers and 14(2) 15 the Laguerre polynomial, we have from 
(8.7), on the assumption that a and 2 are real, the integral 


f sot сов (2а2) dz = —4 exp (—a?). > et (r dr TE E) || Па (8а?) (3.10) 


Bimilar integrals may also be obtained for |, „(2). ANM by putting t = exp (210) in (1.2) 
we derive the relations* 


> fuo) сов 276 = cos (= tan 6) (8.11) 
PX sin Zrü = вір (x tan 0), (0<0 < 1,2). (8.12) 


4. Writing the relation (Bagchi & Chakravarty, 1950) 
2* T (2) = „22, Pml) Ppl) – „22 Р (2) P4 (4) 





" These were obtained by Shastri (1985) by a different method, 
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in the form 
LE r-3 
2°T, (a) 06 m) P mu) -2 P m(£) P m a (2) (4.1) 
and expanding P,,(#)P,(#) by Adam's formula (M. A., p. 881) we have 
| O Аи, Аи (37 —48+1 
Orr => > emer ПЕ (s) P. 
„(=) “as А, о" 2.(8) 


T-0rT—m—9 


-2 2 и Со aa 
4—2 


where A. = 1.8.6... . (8—1) 
‚= 1.8.5... (28-1, 


8 | 


The relation (4.2) leads to the operational representation 


2r— 1 i 
атаар) У У Araneae dnce (gu a 1) Decal) Loa Aa) 


т==0 sex 
r-9 r—m-—29 


Айе Т. Ер = 
^ А... Статуи: 


- ть (а). (4-8) 


mix aml А, -1-2 
by a result due to Howell (1987). 
The relation (4.3) connects Tsehebyscheff's polynomial operationally with the 
product of Laguerre polynomials. 
9. From the generating functions of Tschebyscheff’s polynomial T,(2) and 
Gegenbauer function С;(2) given respectively by 
$ оет, (в) = (1—09)/(1—92t--t*) [Hobson p. 87] 


n=0 


and РА | 
2 #008) = (1—22at-- t*)-* [М. A., p. 885] 
»0 
it follows that 
^T. (e) = Ol(«)— Ол (2). (5.1) 
In the operational relation (Howell, 1987), viz 
(по + а + 0 Г (о + 3)D(« + 1) р 


gaT (Aa) (ра) == nian 9-3. 
mend CA T ss (а 
~ 7 Па –7 +1) К 


where 
a? = p*, 0° = p?—(Atp)ptrAp 
and 
= {р- (А+ Ар, 
puli 
а=, А = ZH 
Then since (=) 


РА = gent exp (НР, (V (88), 
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where n is a positive integer, we derive on simplification, 


i 


1 А 
ота rg) X Р”. (2A2)). Done (ЕУ (2А=)) 


SQÍIN (Dog ( ~). (5.9 
pr Г") ntr р? ) 


The series on the right of (5.2) may easily be seen to be convergent if we take note of the 
fact that 


Ы 


Ola) = віп (n + 1)6 where 6 = cos tz. 
sin 6 


Similarly | 1 
ИИ à Des V А,» (E Фм) 





eS Сл gus (0 
pri -r) a) Е, En 


Taking (5.2), (5.8) and (5.1) together, we obtain 


А (—1)" n«T p?—2A! E "NM CM у '{; 
PADE т. ( p? ) * am-in) IT (n — 3) D in-s (V (222))D4. „(ем (2Az)) 


те) Ра (у (2A2)) Djs (1, (2А2)). (5 4) 
That the infinite series on the left hand side of (5 4) 1s convergent may easily be seen 
from the fact that Т,(2) «1/z"7! for positive integral values of n and I(n+ 1) 


= exp(—n)n"(2mnjt, when п is very large, it being implied that in all our discussions, 
g 18 real and | | < 1. 


I am grateful to Dr. В. С. Mitra of Lucknow University for his helpful criticisms 
in the preparation of this paper 
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ON AN ALGEBRAIC SYSTEM GENERATED BY А SINGLE 
ELEMENT.AND ITS APPLICATION IN RIEMANNIAN 
СЕОМЕТКҮ—Ш 


Ву 
В: М. Sen, Calcutta 


(Received January 27, 1901). 


1. This paper is a continuation of a previous paper (Sen, 1950) in which a 
non-associative algebraic system was obtained as an extension, satisfying certain 
conditions, of a finite cyclic sequence of elements. The sequence, on the other hand, 
was constructed out of an arbitrary abstract element and {wo distinct operations 
possessing specific properties. As the algebraic system was seen to have interesting 
properties and applications in Riemannian geometry when the number of distinct terms 
of the sequence was greater than four but divisible by four, it seems worthwhile to 
study the properties of such sequences somewhat closely. It is seen in this paper 
that an arbitrary sequence of elements of this type may generate other sequences which 
have interesting group properties The non-associative algebraic systems obtained as 
extensions of these sequences in the manner stated above form a group and therefore an 
associative system. These algebraic systems in -their applications in Riemannian 
geometry give us systems of affine connections in each of which the Christoffel symbol 
is identified in the same way as it was identified is the paper referred to above. 

Let us start with the construction of sequences of functions of integers having the 
proposed property : Let р = 4n be a given number arbitrarily chosen, where n > 1 
is an integer, and letj rum over the successive positive integers 1, 2,..., p, mod. р. 
Of course p = 0, (mod p) ; but there is no harm to retain p insted of 0. Further, let 
V(j) and X(j) be two functions of j defined by the following properties : 

(1) The functions are linear and distinct from one another and distinct from 7 
ligelf. | 

(2) The functions take only the cyclic permutations ot 1, 2, .., p; mod. p, when 
the argument j takes its prescribed values. 

(8) The functions satisfy | 

X (C X060) = хе) =] (1) 
The furictions V(j) and x(j) can evidently be regarded as linear transformations of j and, 
ав is generally the case, their product is non-commutative but associative. Writing for 
the moment y, УХ, JXy, . . . for У, Wt), Ух), ; · · respectively, we have 

Vx F ХШ but ДО = V0) 


(4 The fcllowing sequence of linear functions of j 
р у, Ух, уху, УХУ, +. | (1.2) 
is а Anite sequence with the first p terms distinct. 4) | | 


(+) Property (8) implies that j j, WG) ав well as » x() are groups of order 2 ; and the properties (3) 
together impiy that (1 2) is a сус' їс sequence whose terms form a group of order p. 
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We now investigate the consequences of the above four properties, Let Wj) = 
Е + 4], where the coefficients k and 4 are obviously integers, It follows from (2) that 
q = +1 (mod. р). Во $9) = К+]. When Ше + sign is taken, k = p (mod. p), by (1) ; 
but 2k = p (mod. p), by (8) Therefore, we have k = pr/2, where т 13 an odd integer. 
On the other hand, when — sign is taken, two ‘cages arise according ав k = p or kp 
(mod. p). In either of these cases ¥(j) satisfies (8) automatically. Thus there are 
three possibilities of Vj) : 

б) YG) = рт/а+] (i) Ур = =) üi) WG) = 1-j, 

where т is an odd integer and | is an integer + p; (mod. р). Similarly for fhe function 
х0). 

In order to apply property (4) we have to take pairs of the above three functions 
and examine the nine different cases that may arise : 


(a) YG) = pr/2+j, x() = 08/2 +]. The sequence (1.2) is, in this ease, 
^ pr2-j, p(r-8)/24j = ] (mod. p), ... 

Hence the sequence is cyclic with 2 terms contrary to (4). 

(b) lj) = рт/2+], xG) = —j. The sequence ів 

j pr/2+j, pr/2—-j, 7,4, ... 

Here the sequence is cyclic with 4 terms contrary to (4). 

(0) Wj) = pr/2+j, X(j) =1-} The sequence is 

j, pr/2+j, m/2*1-j, 1-5, j,.... 

This case is similar to (b). 

(d) 40) =—j, ХО = prj2+j. 
Here the sequence is the same as that under (b) but with opposite sense. 

(e) 40) = X(j) =-}. | 
The ease is contrary to (1). 

(f) W) =—7, XG) =1-7. The sequence is 

b =j, ~l+j, —1—], -Я+р —2—], —81+7, —81–7,. 
Аз p = 4n, n>1, the (p+1)th term of the sequence = – 291+} = j (mod. p) for all 
nif and опу ifl is even. So let [1] = 27. | 
. Now (2#-+ 1) term = +2tr+j. If follows from (4) that forall t < p/2, 2trstp 
(mod. p), i.e., rand p/2 are relatively prime, i.e., their h. с f.(r, р/2) = 1. Accordingly 
this case satisfies property (4) only when | 
10) = -), xQ)-1-j ([l), p) = 2. 


(9) Wj) =1—], x = pr/2+i 
The sequence is the same as that under (c) except for the sense. 
(А) ур=1–), xG) = -i 
This case is the ваше as (f) except for the sense ot the sequence. 
(i) y()»*L-j, X(j) = m-j, L-m + p (mod, p). The sequence в 
1, ©—], l- те), 217m -j, 21L-2m +j, 8L -2m —j, 3!—Зт +), .., 
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Авр = 41, n>1, the (p+1)th term = 2n(l— т) +7 = j (mod. p) for all n if and only 
if 1— т is even. So let]l-m | = 9r. Ав m (f), this case ів possible only when 
(1—т |, p) 22. It may be noticed that this case includes (f) ав а particular case when 
either or m is equal to p (mod. p). 


All possible cases are now exhausted. We may therefore state the following 
result: The pair of functions ¥(7), x(j) defined by the properties (1) to (4) are of the type 
2. For the sake of simplicity we suppose that [-т = and (1.3) 
written as 
‚ Хр = 1—], Ху) =1-8-}, ,1 = 1, eee ‚ p (mod. р) (2.1) 
The sequence (1.2) is now the following: 

b i-j 2+], 1+2–—), 4+} 1+4—), 6+1,...., р]а +], l+p/2—-j,..., 1-2-), 
Let the successive terms of this sequence be denoted ру бир, Е = 1,...., p. The 
Bequence is given by | 
үке +], k is odd 


и) ES К = Пуер р. (2,3) 


ll k-2— i, if k 18 even | 
For given values of land К arbitrarily chosen, each term '6,(j) is a cyclic sequence with p 
distinct terms, for ] = 1, ..., p, and it satisfies 


ре) = "Oj +p/2) = 16) + p/2 С (2.8) 


Ihe sequence (2.2) gives rise to p sequences for l = l,...,p. With regard to these 
sequences we observe the following properties : 


(1) As 9,7) is independent of or dependent on l according as k is odd or even, 
two cases arise: | 

(i) For а given value т, the terms :10,-.1(]) are equal to one another whatever 
value may have. 

(i) With respeet to the terms 14,,(j), two sub-cases arise according as l is odd 
or even: 

(a) For a given 8, the terms т. (|) are equal (о оре another whatever value 
г muy have. | 

(b Гог a given s, the terms ИЗҮ), (/) ate equal to one another whatever value 
г may haxe. | 

It therefore follows that of the p? terms (1), only p+ p/2-are distinct. 


(2 The p sequences may be devided into two classes, according as l is odd or even, 
having the following property: Two sequences of the same class can be transformed 
into one another by a suitable permutation of the terms ; but tbis is not true of two 
sequences belonging to different classes, 

Consider any one of the p sequences (2.2) for a given value of l chosen arbitrarily, 
апа write 6; for '6;(j). The multiplication-table of the group formed by the terms of 
this sequence is given below for future reference: 
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0, б бе ere В В. xc бушу. бр | 
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poe и 4) 
МЕ б, 6512-1 0,2-2 а 0, Gy M 0,124-2 851241 
дур | 051241 8 p[24-? 0124-1 ду 8, 0512—1 ДР T 
- 
р) | бр; 0, 6, . буја» Ө р Op ~a Opo 
| 
05 6, Oy. 02 А Ө 124.1 Ө рә " D. 0, 





This group has subgroups whose properties can be studied by the help of well-known 
recults of the theory of finite groups ; but we shall not discuss (he subgroups here. We 
shall merely point out the following properties of the group: | 
(3) Ot the p number of groups (2.4) given by l = 1, . ., р, only two are distinct 
by virtue of (2) above, one given by odd values of l and the other by even. And these 
two groups have р/2 elements in common by virtue of (1) (1). 
We shall find it convenient to adopt the following notation: Since the 6,'s form 
a group, given two positive integers т and k, there exists 8 unique positive integer 8 
such that 
даб; = 6, Nt, By 8 = Ц. .,.p (mod. pi 
Let this relation between the three integers be denoted by 
(m, К) = 8 
Obviously (m, К) is ап o1dered pair. It follows from (2 4) that 
(k, К) = 2k-1, (К. 2—k) = 1, if k is odd 


(k, К) = 1, i£ k is even (2.5) 
Also it follows from (2.8) that that MM 
(m+ p[2, К) = (m, Е + pj2) = (т, В - pj2 (2.6) 


Further, since a group satisfies the associative law, we have 
(n, (m, k)) = ((n, m), k) (2.7) 


The group (2.4) can be put in a 1—1 correspondence with a permutation group 
as follows. · We have seon that each term of the сусће sequence (2.2), namely, 


mo Oss. жуз 0542) 
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ip a cyclic sequence We may consider that the sel of these р sequences is generated 


by the permutations 
_ (8:0) _ (AGN _ (850) 
NES es Bu D i Pm 


3 


_( AG \_ 
РиР, = оо P (2.8) 


Hence the permutations P,, .. , P, form group P which is isomorphic to the group (2.4). 
For 1 = 1, ..,p, there are two such distinct permutation groups by virtue of (2). 
Apply to these groups the following property of the sequences (2.2): 

(4) ТЕТ 1s odd, there is no pair of values of (k, j), k > 1, for which '8,ff) =j. Н 
[15 even, there exist pair of values of (k, 7), 7 1, for which (01) = ] ; for such values 
Е is obviously even. 

It follows from (+) that when ! is odd, P is a transitive group and therefore а 
regular permutation group And when ! is odd, P эв intransitive. Owing to the 
isomorphism stated above, we may state that (Zassenhaus, 1949). 

(5) P is a transitive representation of (24) when ! is add, and an intransitive 
representation when lis even 

8. We now introduce cyclic sequences of abstract e:emente, each with p distinct 
terms, by linking them: up with the terms of the sequence (2 2). Denoting the elements 
by the b's, these sequences are 


ode abl. (8.1) 
and the p(p —1) sequences 


= 1, pci es Я (mod p) (3.2) 


k Е ћ k h 
Ibis C) «bio (0; Ibis (2, s ’ Ibis (р), k NEN 9 
= д nes 


where, for each of these sequences, ! and № remain fixed. 

Consider an ordered set of p sequences given by (8.1) and the p — 1 sequences given 
by k = 2,..., pand by a tixed velue of l arbitrarily chosen For the sake of simplicity, 
let this set be written as 

bj. s). tbi, 6). оо “бёр, | (8 8) 
where the first sequence is given by К = 1 and by omitting altogether the left-hand 
index # ; and the other sequences are given successively by k = 2,,.. ,р and by ї = 1. 
Further, the rght-hand lower symbols 6,0) are to be evaluated from (2.2) for the 
particular value of i chosen. Obviously, the ordered set (8.3) is a cyclic sequence 
of sequences and there are p such sets for! = 1, ... , p 

Now let ihe р? terms (elements) of the p sequences (8.8) generate a get А in the 
following manner: 

Let there exist а commutative composition, denoted by the symbol ' о 
two elements of A are composed to form вп element of A Пе, d, e, f, ... stand 
for the elements of A, the composition shall be governed by the following properties: 


? 


, whereby 
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сос = с, idempotent property | 
Ifcod = сов, then d = e cancellation property (3.4) 


coz = d has a unique solution in A 
(c o d) » (e of) = (coe) о (d of), entropic property (3.5) 
With respect to this composition, the terms of the sequences (8.8) shall be governed 
by the following two properties: The element 


tb, о КЕРТ = а, remains invariant for all k ; (8.6) 


and, with reference to the elements a, thus obtained, 


tb; У bo o) pr? = @, ? 16,03) { р]2, (8.7) 
where the 6;(j)'s are to be evaluated from (2.2) for the particular value of 1 chosen. 

Having thus introduced the sequences of elements, we notice in the first place 
that the above properties may be used to generate the sequences (8.8) as follows: Let 
us choose the Ath and the (k+p/2)th sequences, say the Ist and the (1+p/2)th, 
arbitrarily, Given the composition, the sequence a, can then be obtained from (8.6). 
Tt follows that the remaining sequences can then be obtained from (8.7). Оу 
we may choose the cyclic eequence a, and one of the sequences (8.3), say the Ist, 
arbitrarily, ‘Then, given the composition, all..the sequences (8.8) can be obtained 
from (8.7). It may be observed that for k = 1+p/2, the equations (2.6) and (8.7) become 
identical by virtue of (8.4). 

Secondly, let us note how far the sequences (8.1) and (3.2) have been linked up 
with the sequences (2.2): Corresponding to the properties (1) and (2) of (2.2) given in §2, 
we can deduce the following properties for the sequences of elements (3.8): 

(1) Of the p(p—1) sequences (8.2), only p+p/2—1 are distinct for the following 
reasons: Given? arbitrarily, it follows from (8.7) that 

(1) The elements '5b?'*' are equal to one another for a fixed value of т whatever 
value i may have. 

(п) For в fixed value of s and for different values ofr, the elements 78-?7*1b27 
are equal to one another and the elements *—2 +259” are equal to one another. 

(2) The р sots of ordered sequences (8.8), given by [=1,...,р, can be divided 
into two classes, according ав lis odd or even, having the following property: Two sets 
of the same class can be transformed into one another by a suitable permutation of the 
sequences of a set ; but this is not true of two seta belonging to different classes. 

Having thus obtained the above properties corresponding to those in §2, it is but 
natural to inquire whether the sequences of an arbitrary set (3.8) form a group 
corresponding to the group (2.4) formed by the lerms of the sequences (2.2). For this 
purpose it is necessary to obtain a formula connecting the terms of the sequonces 
themselves. This can be done by eliminating the a’s from the equations (8.7) with 
the help of the given composition in the following manner: It follows from (8.7), 
namely, 

tbt o bo, tpfe = 059 62) ој 
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1 

that ‘bg. (y 9 ba eG) pf? = Go, (1) ы O6 a (0) +p? 
1 y 1 

therefore (5; о bg a) р) © (ву) 9 Б-р) 


= (a; d 6,:)4-p[9) 9 (as o (раја) 
Using (3.5) and again (8.7), we hate 
(06 о Фу) © (68, ура о Бин, ЛР) 


(aj о ав, „,, +019) 9 (00,0) © бе пр) 
(ix, E) 
= (p 


| 


1 1 1 
о Darma (у фрја) © (Ба, 9 Вало -рј) 
= Come 
Therefore the required formula is 


tbt о ‘bo. п = pith g Ба, (8.8) 


1 1 1 
° bou) 9 (bo, (4 p]2 9 ал) 


where if must be clearly understood that the left-hand upper index $ of any term is to 
be altogether omitted if and only if the right-hand upper index of that term is equal 
to 1. Further, when t=1, the right-hand lower symbol бир of that term is to be 
evaluated from (2.2) for the particular value of I chosen 


The particular cases that follows from (8.8) are, by (2.5), 


2-1 o bio)» if k is ода 


tbh o tbe o) = (3.9) 


b; o ban, 1Ї k is even 
and РОВ = blo pl on (8.10) 

Now suppose the first sequence, denoted shortly by 6', ів а given one. It then 
follows from (8.4), (8.8), (8.9) and (8.10) that the remaining p —1 sequences of the set 
(8.8) can he determined. In general, (ће sequence b! having been already known, the 
equation (8.8) states that if the sequences ё and Ф" are given. the sequence tbir» 
becomes known by virtue of the property (3.4) of the composition provided that the 
terms of the sequences are taken as indicated by the lower indices of (8.8). It therefore 
follows that there exists a composition, denoted by dot (-), say, which can be deduced 
from (8.8) and defined in such a manner that by means of this dot composition the 
sequences ‘*b* and ‘b™ can be composed to form the sequence 0%), Since it is seen from 
(3.8) that the particular terms of ‘b™ which are to be taken in this composition 
depend on ‘b%, ıt must be possible to write the dot composition (in accordance with the 
usual convention) as 

"тв = th (mk) (8.11) 

It must however be clearly understood that the equations (8.8) and (8.11) represent the 
same property. It follows evidently from (8.8) that the composition (8.11) is non- 
commutative. 

Consider the following two equations that follow from (8.8) : 


k 5 ik 1 Ц k ( k 
tbi o р = thi” Ба bo, (у) pine о Danast) = i E bg, ны) 
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As (3.8) 18 represented by (8.11), the above two equations must be represented 
respectively by | 

tbe (ти) = th (m One) (t^. tpm) epè = tb (its) k) 
It therefore follows from (2.7) that the composition (8.11) is associative. Further, 
+ would follow from (2.5) that the inverse of *b* is *b*7* if k is odd and is ФЕ if k is even. 
Hence, the sequences of an arbitrary set (8.8) form a group G, the unit element of this 
group being b* (the first sequence), | 

Tt also follows from (8.11) that this group is isomorphic to the group (2.4). Owing 
to this isomorphism, the property (8) of 52 hold here by virtue of the property (2) of this 
article, namely, 

(8) Of the р groups of sequences (8.8) given by! =1,..., P, only two are distinob, 
one given by odd ralues of | and the other by even; and these two groups have р[2 
sequences in common. 

Having seen that the sequences of an arbitrary set (8.8) form a group G, it is again 
only natural to inquire whether there exists a group of transformations which shall be 
isomorphic to G corresponding to the group of permutations P of §2 which is isomorphic 
to the group (2.4). 

Let there exist transformations, denoted by tz, by which р! is transformed inito 
b k-—1,...,p. As usual, let Бабе denote the product of the transformations Фр and tm 
when № is followed by tm. Further, 165 us ‘set the following property and the 
correspondence : у 

tats, = limk) and t< b* (8.12) 
Then the transformations tẹ form a group T which is isomorphic to G. In T, let ty? 
represent, as usual, the transformation transforming b? into №; 16 then follows from 
(2.5) that ~ | | 


| (8.18). 


E. Р | E Е аи ју k 18 ода 
mer = 


tnte = timik), ЇЇ К 18 even | 
represents the transformation by which bè 18 transformed into р“. . We shall find it 
convenient to put | МУ ~~ 2° 

fo XS aua = Траве C y oue . (8:14) 
arid shall discuss ‘the properties, under certain circumstances, of the transformations 
Trek by which b* is transformed into ВР"! in the next article. - 

We give below certain other equations for the sequences (3.8) derived from (8.60) and 

(8.7) which we shall consider later in §5 15 follows from (8.5) and (8 6) that 

СО шауун = (BE o фи) o (Бүр ВИ) = (бр о Фр др) Mr 
In the same manner m 

ај 9' Gg, (1}+2/2 = (‘by У biu) + 219) 2 в ~ Ib E pg). | 
Comparing with (8.7), | | 
k pk 

| aj © бр = у o Бора = 5 о biens - (8.15) 
Putting К = 1, 
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dy о афв = b} о Бурја = ЈР? о Њу. 
This gives (8.10) in terms of the a’s. Thus, the two equations that come out are (8.15) 
and 
ај о Gips = BF о Dippin = БР о IEEE = (фу о бурр) o (бу 77 o рр 
КБ О каз» (8.16) 
4. We shall now introduce a special type of properties by means of which all the 
p sets of ordered sequences of elements (8.3) considered in the last article may be 
constructed, as a special type, satisfying all the properties mentioned there. For this 
purpose, we first link up the sequence (5.1) with the sequence (2.2) as follows: 

7 Let b be an abstract element and suppose that there exist two operations, denoted 
by *, ^, which can be applied to b so as to obtain two other elements, denoted by 6" 
and b’. Further suppose that these operations can be applied in the same way to 
b* and b! and to every element generated in this manner во as to obtain a set of elements, 
Moreover, let the two operations satisfy the propertles (3) and (4) of §1, namely that 
if 2 is an element of the set, then 

get = 1' = = (4.1) 
and that the sequence of elements | 
b, = b, b,=b*, b,=b*, 0, = Б, (4.2) 


is a finite, and therefore a cyclic, sequence with р distinct terms, where p > 4 is the 
integer of the type р = 4n as chosen in $1(1). 

Furthermore, suppose that there exists a commutative composition whereby two 
elements b, and b; of (42) can be composed to form.an element bj;ob; to which also 
repeated operations of * and ^ can be applied во as to obtain other elements, and that the 
composition has the property | 

(5; o b;)* = = b, * o b,? x (5; o by)! = by o by. (4.8) 
We now identify (8.1), i.e. the first sequence of (8.3), with the sequence (4.2) by setting 
| b, = bi, b, = ba, ba = ba, ..., бр = бр 


dnd also identify the composition given above with that defined by (8.4) and (8.5). 

Е As in the last article, consider a particular ordered set (8.3) of р sequences given 
Бу а particular value of l chosen arbitrarily and let the successive sequences of this seb 
be denoted by Z,; №.,..., Èp which form, as we know, acyclic sequence. It follows 
from (814) that 9, is transformed into 2, by the transformation T,,,, & into За by 
Tiar.. Spe, into Bp by Foy. and Хр mto 2, by y From the nature of the 
sequences themselves. we shall assume certain properties of these transformations and 
deduee from them certain consequence. 


We may regard the transformation T,,, as transforming bl into 50. We may 
therefore assume that this transformation has the property. that it transforms the (first) 


~ 


-term bi-of >, into-the (first) term "b of X, and at the-same time transforms the pair of 


(f) Tt may Ee mentioned here that thie terms of the sequence (4.2) would form в group corresponding to the 
grcup (2 4) provided that the element b can be regarded a3 symbol for the identity operation, 


4—1788P—92 
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operations (*, ^") into ә pair of operations, say (+, ~), and leaves the composition 
invariant. Then 2, is considered to be generated by (+, 7) in the same manner as $, 
is generated oy (*,'). Тһе operations *, ~ however are not always different from 


*, ^ as will appear below. Thus, by application of T,,,, from 
bi" = bY = b! and (blebly = bl obt, (blobly = ble » 
we obtain б PE Е | um с : 
b, — bip, b, > "Bacar Фа = Фр = Baa) 
and 


2 2 2+ 2+ 2 2 = 2— 2— 
(Фе о tba) T ао) 9 вер, (5 ш ел) and «bo i) P «ba 


We shall assume that the above property holds for every transformation under considera- 
tion. Thus, fork =1,2,... 


(I) The transformation 7. |,ь transforms a term of X into the corresponding term 
of Ја and at the same time transforms the ordered pair of operations by which 2 is 
generated into an ordered pair of operations by which Зар. is generated and leaves the 
composition invariant. 


It follows that if Zm is generated by (+, 7), then this pair of operations kas the 
properties (4.1) and (4.3), namely 


1) 77 = pT =, (0 о Би) = I, TOR = фи офу“, 


Now each of the cyclic sequences 23,,..., Ер has the one ог the other of two 
opposite senses corresponding to the two cyclic senses (orders) of the lower indices of its 
successive terms. From the construction (4.2) of 2, it is seen that the operation * 
has been chosen with the property that when it is applied to a term of X, having an odd 
(even) lower index, it transforms the term into & term of X, having the next greaber 
(lesser) lower index (mod. p). Analogous consideration holds for the operation’. This 
leads us to assume the following invariant character of а pair of operations under the 
transformations Ту, р К = 1, 2,.., оп the supposition of getting not more than two 
pairs of operations. 


(II) The sequences 5} and Xk+, have the same (opposite) sense when 6;(j) and 
др, ,() are both odd or both even (one odd, one even) if and only if the pair of operations 
by which 2; 1s generated remains invariant under the transformation Tieni 


There remains therefore just one alternative for which the pair of operations does 
not remain invariant for Трук. Accordingly, the transformations have the property that 
а sequence 2 18 generated either by the pair of operations (*, ^) (by which X, is generated) 
or by a different pair of operations, say (+, ^). 


We are now ш a position to determine which one of the two different paire of 
operations generates a particular sequence. Tbis oan be done by comparing the sense 


of the particular sequence with that of Х,. Referring to the sequence (2.2) the 
following cases arise: 


ALGEBRAIC SYSTEM AND ITS APPLICATION IN GROMETRY 87 


(a) A is odd 
In this case јара 6;(j) are both odd or both even, and У, and 2; have the same 
sense. Therefore X; is generated by (*, /) 


(0) kis even 


() Lisodd. Неге one ofj and 657) 1s odd and the other even. and X, and 2; have 
opposite senses. ‘Therefore Хр is generated by (*, ^). 


(1) » 1 18 even. Неге 7 and 6;(j) are both odd or both even, and X, and X, have 
opposite senses Thereiore X is generated by (*, 7) 


We thus derive the following conclusion : 


(2) When ! is odd, all the р sequences of the set (8.3) are generated by (*, /); 
and when [ is even, p/2 of the sequences are generated by (*, /) and the remaining p/2 by 
C, 7). Since, by property (8) of $8, these two classes of sequences have 0,2 sequences 
in common, the common sequences must necessarily be the sequences Xj, where & is odd. 


As stated at the begining of this article, it is our intention to construct the 
sequences introduced in the last article having all the properties mentioned there, the 
central property being the equation (8.7). Remembering that the lower indices of the 
equations (3.7), (3.8), (8.9) are given by the terms of the sequence (2.2) and that the 
construction of (2.2) is given by (1.1) and (1.2), it is seen that (8.9) and (8.8) give 
respectively 


by e bim = Бро Фуу 
and 2 8/1 

‘by j б = tb, о bi) 
writing x(j) [ог 7, : : | 

bio о 163 = Фу) e b; 
Using (3.5), "E чи - 

(b; Г biu) 3 (Љу Н biip) = (6, у Њу) 9 (b; S b. p) 

But (8.8) gives also A 

"b i Bian = be bx) 
Therefore 25 п 

бо у) = bj o 6 р 
1n а similar manner ЖККУ 

b; M "bat = 'b, 3 "by 
And во on. 

We may therefore make the following assumptions for the transformation Ту, 

са 


(ЦІ) The transformation Тр, у has the property that 


k k h+1 
tb. А ШИ is ip^ Е prr бу Ib. E Ibit) = фе У А : (4.4) 
according as k is odd or even. It therefore follows that 


(8) (9 ifl and k are both odd, 


Је pb. СЕЕ З b pcs НОЕ 
(b, о Ђуру“ = (bi оу )*, ("by офу) = Cb ои) 


* 
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(i) 1iflis odd and k is even, 
(b; о 1х = (Ьу o bee, (Бро а), = (br o tbx)" 

(iii) if lis even and k is odd, 
(бр о Бир“ = (бу офу)“, (Фу o иду = (b ој 

(iv) ifl and К are both even, 
k qni k+ 5+1 - , 
(bf о Бук“ = (FT? о HYG), (by o yey) = (фу o Бир) 


‘The consequences (1), (2) and (8) that follow from the assumptions (I), (II) und (111) 
regarding the properties of the transformations Ть,,,ь, together with the equation (8.0), 
wil enable us to construct the special type of the p sets of sequeaces (3 3) satisfying the 
equation (3.7). Before the actual construction 18 undertaken, we take note in the next 
article of a special property which these special sequences may possess. 


5. Consider the two pairs of operations and the composition as defined by their 
properties in the last article. Take any sequence X; of (3.8) which is supposed to be 


generated by *,' (or *, 7) and a particular term (element), ғау the first, of Z4. Let this 
element generate а system uf elements defined by the following properties : 


(i) If С 13 an element of the system, then &*, С (ог £*, 6“) are elements of the 
system, 


(ii) If € and у are two elements of the system, then бол 1s an element of the 
system. : 

(iii) €o€=€ It£ego Eel, theng = 5. 

It is then known (Sen, 1950) that under certam circumstances this system has a 
unique element, say u, possessing the following property : 

u* = au = u (or ut =u = u) (5.1) 

Now let the ordered sequences (8.8) for а particular odd value of І be denoted by 
5, 5. ..., Sp and those for a particular even value of 1 be denoted by 2, Su >, Bas 
У, ..., Ур. The odd sequences are not altered by virtue of (1) (i) of 58. Then, by (2) 
of the last article, the Х’в without bar are generated by (*,') while those with bar are 
generated by (*, ). Further, let the systems generated in the manner stated. above 
by particular elements, say the first, of these sequences be denoted by 8,, 8,,. . · , Sp and 
8, Ba Sy 8. ..., Sp respectively. Moreover, by what we have stated above, let the 
unique elements of these systems be denoted by u', u*,...uP and wi, u?, ц, ut, .., UP 
respectively. Itis then known that under certain circumstances these unique elements 
are given by (8.16). That is, 


ul = itp = u? о РНР = u? o ИЗ =... == ц? о ТЕР? = uto yttel =.. (5.2) 


The special type of sequences which ure given in article §7 has the special properly that 
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tbe unique elements of all the derived systems S,, 5.,..., Sp, 8,, 8,,..., Sy are equal 
to one another. That is 


u = ці = ц? ==... = цр = ц? = ц“ = ... = цр (5.8) 


The reasons for the existence of this common property requires investigation which, 
however, shall not he attempted here. We shall merely state that 


(1) The join or the union of the derived systems may be regarded as one algebraic 
system of elements generated by a particular term, say the first, of 2, and constructed 
with the help of the pair of operations (*, '), the composition ‘o’ and the transformations 
Таљ and that the system has the unique element u satisfying both the parts of (5.1). 

Finally, we may mention the following interesting point of view. We have seen in $8 
that the sequences 2,, Xa... , Хр form a group, во do the sequences X,, 2,, 5,,..., X, 
and these sequences generate the derived systems 5,, 5,,..., бр and 8,, 8,, S,,... Sp. 
There is therefore no harm фо say that 

(2) The systems 8), 8,,..., Sp form a group and therefore an associative system 
although the systems themselves are not necessarily associative. The same thing holds 
for 8,, 8,, пој ETE Sp. 

6. All the properties of the sequences and the «systems of elements that we have 
discussed so far have interesting epplications in Piemannian geemetry. In giving the 
applications, the usual notations of tensor calculus are adopted. 

Let the metric of а Riemannian space be given, as usual, by 


da? = датах 


and in this space let there exist a law of parallel displacement of сопфгауатанф vectors 


defined, as usual, by 
ду! 4- Уа? = 0, (6.1) 


where the coefficients of affine connection p are supposed to be arbitrary. Further, let 
the covariant derivatives of lensors with respect to the parallel displacement (6.1) 


(corresponding to T) be denoted by а comma followed by indices. Put 
a= p. a* == To +g” gims a! = RA (8.2) 


Obviously, a* and а” are two sets of coefficients of affine connections. If the covariant 
derivatives of tensors with respect to (6 1) corresponding to a* (in place of a) be denoted 
by в semi-colon followed by indices, ıt may be seen that 


Jims 3 = див; J = 0. 
It therefore follows that 
a"* =a" =a, (6.8) 


Now construct the following sequence, say 2, 
ay: to dE d, а„=а*, a, mut а,=а#*,,,, (6.4) 


It is then known (Sen, 1950) that X is a cyclic sequence with p = 12 lerms which are 


90 В. М. SEN 


supposed to be distinct. It 15 further known thatifo = Li, is another set of coefficients 
of affine connections, then 


[a(a+o)]* = уја“ + 0“), [3(a--o)]' = &(a/ + c?) (6.5) 


As в matter of fact, the second equation is obvious and the first can be established by 
forming covariant derivatives of the gy’s with respect to (6.1) corresponding to a, c and 


$(а+0). 


Thus, the pair of operations (*, ') has been defined by (6.2) satisfying (6.8), i.e., (4.1), 
and the composition is defined as half the sum satisfying (8.4), (8 5) and (6.5), i.e. (4.3). 


As in the last article, form the system S generated by a having the following 
properties : 


G) If isan element of 5, then &* and £ are elements of S. 


(и) МЕ and у are elements of S, then 4(¢+1) is an element of S. It is then known 
that the christoffel symbol is given by | 


i 
{ = iata) 1=1,2,... | 
and it is the unique element of S having the property \ (6.6) 


и | 
и) WU uj 

T. We shall now obtain the 12 sets of 19 ordered sequences (8.8). It is only 
necessary to find two such sets for two particular values of l, one odd and the other even, 


which, without loss of generality, we take tobe l= 1 ап 1 2. The other sets can 
then be easily deduced. 


Let the ordered sequences (8.8) for the value | = 1 be denoted by №,,..., 24. 
The sequence (2.2) for l = 1 is | 


6,0) = 60 =1-р 6,6) =2+], 64) =8—]. 0,0) = 4+], &0) —5-j Ја 
96,0) = 6+7, 0640) = 7—), 8,0 = 8+], б) =9— 61.0) = 10+}, Balj) = 11-7 

Let Tj, be an arbitrary tensor. Put 

E Tos 0 = ат Gem gf gu T и to А б = 4 дати fo J” tg iT. (1.2) 
Take 12 sets of coefficients of affine connections defined as follows: 
b! = а+у, 15? = а-ку„ 0° =а-8, Ц“ =а-8, 108 = ate, 106 = arte, 

јр“ = а-у, 1b? =а-у, 10% = ac, 160 = 0+5, ЦИ = ace, 1012 = a-e, 

and construct the sequences generated by 
01 = bi, 10% = 1b?, 1b? = 1b}, | SQ Ibn = фи 


with the help of the pair of operations (*, ^) in the same manner as the sequence (6.4) 
is generated by а. By straightforward calculation we find the following values of the 
terms of the 12 sequences written vertically : 
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1 2 3 1 5 
bj = а, +у у= а, Фу; | 20у = а —8, |10 = a,—8 167 = а, + 105 = a, +6, 
1 2 3 4 0 


c 
сә LA 
ll 
A 
= 

| 
c» 
a 

= 
с 
со 


2 р 4 б б 
= @у,—в„ | 'bs = а, фе Оз = a,+y, | 'b3 = а, –у Та = a,—8 


| 
A 
+ 
- 


1 

ба = а, +e, |1 = а, +8 а =a,-y, |'b-a-e |1bE=a,+8 |1 
1 2 

65 дуже |'фу=а,+8 |165 = а-у |'bj—a,—e |15 =a, +8, |ђб= a, y, 


1 2 3 4 5 


1 2 8 5 
d 2 8 4 b 
ба = а, + 8 1рв = а, +6 "bg = a,—e, 1а = а-у |68 = а, +у |160 = а +, 
by = а, +8, |105 = о = a,—« | у, |16 = 100 = а, +8 
9 = d, +0, bg = 4, + 6. 9 = @,—6 9 = 0 — У, 9 = agb y д = 4, + 


1 __ 2 __ 1 — iht _. 1р5 — 140 — 
bio = Gig — Ee | 'бр = Gio —%, | 1610 = Gio T Yo bio = dig тв bio = 4—0 |'бр = diy — у 


1 ET. 1 2 its 1 3 PL 1 t РЕЗ 1 „шг 1 6 ve. 


у = а, +8, (163 = me [b = a-e | = a-yo | БИ = аа фу [DP = a, +5 
bi = а =, !bj-2a,-à& |Њу=а,+ у |1010 sate pb-a-s |15 – 
105 =a -e |'bp-aQ-8 |10 = а,+у |1010 sate, | И =a,-8, | 1b? = 
ая [Hense йек ыраа, [OF Soy te, |B а ot 
11 = а,+у |1085 = а, +у |1 =a,- ђе = а.-$ |11 = а, +є ibi = а, +6, 
bg = а, —5 1р8 = а; — 6 ! bg = а, tt, 'bg = а, ту Ба! md -- Yo 12 = ty- 0, 


8 9 10 11 12 
1b} = a,—8, |109 = a,—6, |!bg— a,+e ‘bg = ау+у, |'б) —a,—y {105° = 


| 
= 

( 
Co 


7 | 8 1 11 12 

9 

107 = а, -6 Б» = la+ 6 bS=a,—e, |150 = a,—y |10 = а, +у, 1 = а, +8, 

1 8 9 10 11 12 

"Dio = Aio t Es ‘bio = Что + бе 1610 = 010 Ye ! bio = 0,5—6 ! bio = а) + 8 Б =а@а у 
7 8 о _ 10 _ Wa 12 

Ibi = а, +є Ibi = 41; + 8 Ibi = lY bu = aiT є, рү = а: +6, Ibi = 
[Ne 8 _ 9 _ 1 и _ 12 

"613 = ада Үс | "612 = 4, - у | 1612 = Goth | 1612 ay 8, | 162 = ај, —е, | Фв=а,-в 

ПЦ и и а И. 

The first of the above 12 sequences (7 8) 18 2, ; the terms of each of the other sequences 

have to be rearranged according to the order of the lower indices of the b's in (8.8) 
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and evaluated from (7.1) in order to obtain 2,,..., 24, It may now be verified 
that the equations (8.6) (о (3.10) and (4.4) are all satisfled for (7.8) ; also 8/0), (it) 54 
hold. 
It follows from (8.8), namely 
у + Бр) = AEDE + bi) 

that 

+ — bao) бы qmm ‚ (7.4) 
This equation (7.4) corresponds to the equation (8.11) of group-composition of а set of 
sequences. From (7.1) and (7.4), the multipli-ation tuble of the group of sequences (7.3) 
18 Been to be 


2a 21; 211 210 Жа >, 


The group (7.5) is isomorphic to the group (2.4) for р = 12, ав is to be expected. This 
group can be put in а 1-1 correspondence with a permutation group as follows. Denote 
the tensors (7.2) as 


yi =7, Ya = 79, ya — —Óo у, = 6, у, = 6, Ye = — ye 
Үт =Y, Ys = 9% ys = бо уо = —6 үп = —6, 71: = Ye 


and consider the following 12 permutations out of the symmetric group of permutations 
of the above 12 tensors: 


Yı Ya LM: = (7.6) 
Yt Ys, e.. Yus ` Я 


where the successive tensors in the first line of (7 6) аге the successive tensors given 
in the first sequence of (7.3) and the successive tensors in the second line are similarly 
taken as those given in the 12 sequences (73). It may than be seen that the 
12- permutations (7.6) form a group which is isomorphic to the group P of §2 for p = 12 
and is therefore, by property (5) §2, a transitive representation of the group (7.5). 

Let S,, 8, ..., ја be the systems of elements derived from the sequences 
3,2, ..., X respectively in the manner described in §5. It may then be verified 
from (6.6; and (7.5) that the statements (1) and (2) ot $5 hold, namely that the unique 
elements of thera systems are equal to the christoffel symbol and that the systems, 
which are themselves non-associative, form a group which is obtained from (7.5) by 
replacing the 2'в by the S's. ee 

Let us now consider the саве ї = 2. Let the ordered sequences (3.3) бе“ denoted 
in this case by 3, Sp ak а 3,,. As the X's without bar have been obtained before, 
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we have only to get the 6 Х’в with bar. They are (except for rearrangement of the terms 
according to the lcwer indices of the b's in (3.3) for І = 2) as follows: (7.7) 
28 = a +e 158 = д-р | 70] = а, +8, | 0 = a-e 
258 = aptes | 28 = а-у, |2010 = а,+8 |1 = а„,—є, 
368 = ба — 0, 258 = а, +6 210 = а, — Yy "ba = a, + 8; 
260 = а,—8 |? = ав, | 204 = a,—y, |*b1 = a,+8 
105 = а, +) 28 = a, $, 2010 = а, +6 Я be = a,- ү 
266 = а, уе 3b = а„—$ 26 = apte, | 261 = а, — Yo 
35$ = a,—e tb? = а, +у "Вт = а, — 0, 1 = а, +e 
3b? = аа-в |2608 == а, +ү, 50$ —a,—8 |261 = да 6, 
268 = а,+8, | 8 = а,-є |P = aty | = a,— 5, 


b a, TO Бо = Сб, Eo 10 = 2,0 t Yo 36 10 = Aio 6 


| 


6 __ 218 == 21,10 TET 2112 
2р = д,,— у | Әп = aqu +8, | Фу = 2-6 by = 2, фу 


25.0 — 258 2,10 _ 123 __ 
С12 = @,2— Yo big Gia t б big = Gig — Eo 2612 = Aigt Yo 





As in the case of = 1, it may be seen that all the relevent equations and properties, 
including (8) (iii), (iv) §4 and the formation of & group, are satisfied in this cage 8180. 
The permutation group corresponding to (7.6) can, in this case, be seen to be an 
intransitive group. Further, the non-associative systems a: В,..., Зла derived, ав 
before, from За, 5, ..., X,4 respectively have the christoffel symbol as their unique 
elements. | 

We have seen in (2) $4 that each of the sequences (7.7) is generated by its first term 
with the help of the. pair of operations (7, *) sutistying the property (1) $4. From the 
nature of these sequences, the pair of operations may be described as follows: Let 


с = Lj, d = О}, à = Ri and с = dA, 


where о, d are coefficienta of affine connections and A is а tensor. 


If we write 
сї = d*--À, and с’ =d +À 


then 
c^ = а + А, and ot = а +А, (7.8) 


so that 
k(c* c) = 4(с*-+07). 


The pair of operations are thus described by (7.8). 

Finally, the following table shows the 12 Pets of ordered sequences, the sets being 
given in vertical columns: 

6—1788P—2 
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U adobe L= Lad би (else 
gw 

да >, zu 25 >, >, 24 
S ar X, X, Хо X 8, 
3i; Хх, Bs 5, > з Ха 
S Sp Ss 2a e Se An 
So =| = 8 g 
~ Де А 5, У 10 X Xa 
юэ ty 5, УУ, Бе. = х; 
>, >, 7 2 —12 Žie amo 
Zig bm Ха ne Мы этч 2 
2 ue и E 08 
Жү S ey 2 E poe zi 
ғ N N 


5 МУ N ~ ~ 
12 zu E =з ~ 2 "i 


m | 


EN 
—]10 


(7.9) 


=ч 


The groups formed by the sequences of the sets ав well as by the non-sssocistive systems 


derived from them for the cases 1 = 2 


} a + 


. , 12 can now be obtained from (7.5) and (7.9) 


and their representations by permutation groups can be obtained from (7.6) and (7.9) by 


proper substitutions 
which (1) and (2) of §5 hold. 
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Sen, В. N., (1950), Bull. Cal. Math. Joc., M, 1. | 
Zassenhane, Н, (1949), The Theory of Groups (English translation, New York), p. 85 52. 


References 


Thus, we obtain groups of parallelism in Riemannian geometry for 


НН: A ra e a a nni == - 
oe 

к 

-— === — > 


ANHARMONIC PULSATIONS OF ROCHE-MODEL 


By 
R.S. Кезимапа asp ЈЕ Ј, Виа јели, АНићаћав & Delhi 


(Receiced. Febrigig 17, 191 


4. It is well known that the velocity-tume curve for cepbeid variables is not 
sinusoidal , ia fact the time interval between the maximum velocity of approach and the 
maximum velocity оі recession is nearly. five times iarger than the interval between the 
maximum velocity of recession and the maximum velosity of approach. The theory of 
simple linear harmonic pulsations fails to explain this aspect of velocity time curve. 
In his George Darwin lecture on the pulsation theory of cepheid-variables Professor 
Rosseland (1948) discarded the assumption of sinusoidal oscillations usually made in the 
theoritical investigations and developed the general theory of anharmon c pulsations. 
Subsequently Bhutnagar and Kothari (1944) obtained for the homogenous model period 
and skewness for any value of amplitude taking the ratio of specific beats у = апа 
C. Prasad (1949) studied the an-harmonie oscillations of homogenenous model, inverse 
square model and standard model retaining second order terms in the equation of 
motion. 

In the present note we have studied the anharmonic pulsations of the Roche-model 
consisting of a central mass point surrounded by an envelope in which the density 
decreases inversely аз the square of the distance from the centre, and of which the mass 
is во small that the gravity at any point of the model is due to the central mass alone. 
This model represents the final step in the series of models with increasing mass 
concentration, homogeneous model being the other extreme case in which there is по 
mass concentration at all. B "M 

2. Equations of the problem: Assuming the oscilletiong essentially adiabatic, 
the pulsation equation for finite amplitude is - Ба d a 


e poro = = (1+ 22 [Pol 7 (Lt e r7] = dps)? mu o АМ 


where Ро, p, and r, are the'equilibrium values of pressure, density and the distance from 
the centre, у the ratio of specilio heats and у the relative displacement 8,/7,; dashes 
denote the differentiation wilh respect to то. | А 

For vanishing amplitude equation (1) admits a set of harmonio solutions with 
periods 21 /сь and amplitudes пь(то) and for finite amplitude as suggested by Rosseland 
(1949) we may expand n interms of тр'в and write 


и = У пита) (9) 


Where q's are unknown functions of time which are to be determined to know the 
displacement at any point (rj) at any time #- We shall normalise Тув to unity at the 
surface of the star зо that the displacement at any time at the surface will be given by 
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We substitute the value of у from (2)in (1) and expand the right hand side in 
powers of qy'a. We shall consider the oscillations во small that terms involving powers 
of q's higher than the second may be neglected. Multiplying by 7,°%, and integrating 
from the centre г, =0 to the boundary т, A of the star we obtain from the 
orthogonality of тув 





d' qi у [ 3 | | 4 
dr? + Bea == "RJA 2 Dui +224) , ( ) 
where 
т = e, (5) 
2 
Вь = et (6) 
1 
Р 42 
Ix =| бок fo, (7) 
0 - 
and 


R ; R oo А , 
Dag =-$ (a — -) (By +1) f Poroningned + 3(8y — 1) | Prope зїї. 
0 0 


ГА Н В , ГА Ф 
T тура + i(y t 1) f Prin, nts, (8) 
0 


and i, j, and Е take all positive integral values. These equations are general for all 
models, т is the new variable chosen to make the period of the fundamental mode equal 
to 2r for vanishing amplitude. i 

The periodic solutions of the equations (4) are required having the same period for 
all modes. Therefore we write 


4: = 6) +4, COS пт +4, сов 2nr +a, 608 дпи + · · · 


да = bo + b, cos nr +b, вов 2nr +b, cos Впт +... 


(9) 


ду = 0, +0, сов NT + 0, cos 2пт + С, cos Впт + · ·• 


Bubstituting these values of gps in equations (4) and comparing the co-efficients of 
cos knr on the two sides we get infinite number of infinite equations for the constanis 
which are solved by successive approximations approaching nearer and nearer to the 
correct solutions. Thus we get the values of constants a), da, а,...; b Б,, ba Б,,... 
and 65, Cy, 0,, Cz, .. . interms of one constant, say a,, there by determining дув The 
details of the method are given in the appendix. 

3. For Roche-model we have, putting т, = «E 


GM 
Jo = BEP (10) 
po =“, . | (11) 
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LET. M (Ва) = GMp, 19" (19) 


х? Brat?! 8R æ’ 
where p, is the value of the dno at the surface of the star and otber notations have 
their usual meanings. i B 
ng 8 normalised for unity at the surface of the star are given by 





п = #1, | 
24+8 2(q +8 
paan = (1- а), | 
-— 29+ 80 +8) (1 29+) „ ето, ) 1 (18) 
у 9 29 +3 (а +8)(2д8 +8) /' | 
and in general | 
= (= 08 *( а > 29*3k зү 
1+1 ~ S" 217 {а (1—23), 
fork = 0,1, 2,... | 
where а 4 
а = УЗ“ and «-28- 2. 
Y 


Substituting the values of P,, g, and Pe from (10), (11) and (12) in equations (4)-(7) 
we geb 7 





1 9 | 
= Daag? + 9 9 Dena; | | 
E [> 420 +23 4599; (14) 
where 
ы 1 Б 
I, = | z^mda, (15) 
о 
8 4 1 da | 1 3 >? ? , 
Dy = s (s- =) (y +1) || тк — + 3(8y— 1) f a(1— 27) (ару, + титру, 
0 0 
| t g 1 в г 8 ; 
+ ningnadde ey 1) | z^(1—a*)nnmda, (16) 
0 
and 
Е, = q(q+8), (17) 
From (6) and (7) we get 
1 
= EE EMEN 
BEL = 3g. | 
_ 9+6 =l 
Ba sx q , I, 2q 9: 
(18) апа (19) 
B, = (g +6)(4 +9) Е | 
9(94+8) ' ОТЕТ 
= Fi. _ (9+8) (q + 8k +8), ] 
: Ad COM тотто, 


l| = РЕ eee 
Е, q(q +8) 294848’) 
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Consistent with our approximations we сошз:ег only first three modes for which 
ihe equations (14) may be written ав 








d? 

path =; py 12:26 +2014 0.+90,319193], | 

| | 
наат FT, ТООКТУ О: | 0)2 


2 1 
за + Баба = pp азф +201аад,4а + 203894], | 


The terms containing 45, d$ and qqa have been neglected as-their contributions will be 
small as will be seen from (22). On evaluating the co-efficients Dy, for y = $ the 
equations (20) reduce to Tec t 





а, +q, = 2.160844? + 2-862105q,9, + 1'027914,45, | 
а, + 5-472136а, = 2:9420007q? + 28-2105 159,0, + 10-7753659 43. | (21) 
qa + 18-084864, = 1-5929974? + 16 8090984,0, + 66-609484 „45, | 
where | _ dq, 
dr? 
Substituting (0) in (21) we obtain the coefficients do dz у Оро брани and 


Co, бү, ба, . .. 88 shown in the appendix, in terms of a,, which in its turn was chosen 
to be 0.05 which gives the relative mean surface amplitude of oscillation equal to 1/20. 
This value of a, is so chosen that the terms neglected in approximation may not affect 
the results obtained. If we take much higher valoes of a,, the approximation will be 
vitiated. ‘The solutions of (21) are found to be as follows: 


9; = 0.008568 + 0°05 cos ти — 0'001205 cos 2пт — 0'0000047 вов Вт + · 
2 да = 0.0008251 + 0.0009622 сов пт + 0.002784 cos дпт —0:0003595 сов Bnr+ -.. р (22) 


qs = 0.0002289 + 0°0003145 cos пт + 0'0003908 cos 2nr + 0'0004074 cos "т... = 
where | 
n? = 0.9780416. 


The total displacement at the surface of the star will be 
(В) = >а, = 0'004622 + 0'0512767 cos nr + 0.00197 cos 2nr —0.0001498 созЗит...; (28) 


For mean relative amplitude equal to 1/20, the skewness in the velocity time curve 18 
found to be 1.075 and the increase in the period to be 1.2% of the period for the 
fundamental mode for vanishing amplitude, For the same amplitude the R^ssland's 


(1948) approximate treatment for homogeneous model gives period inorease_of about 1% 
and the skewness equal to about 1,15 
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at E" - APPENDIX . 


— 


In the following we give briefly the method of Solving equations determining the 
coefficients in (9). Substituting these values of q,, да and q, in (20) which ean be 
conveniently put in the form 

0:79, = Agi +28,4,9, + 20,010, | 

ў осу 
qa + Prd, = Ат + 2В ‚4,4, + 204,4, | 57: 
ду + 839, = Agi -+ЭВ а, + 20,9105, 


and equating the coefficients of cos knr(k = 0, 1, 2, 8, . . .) on the two sides of each of the 
above equations we have Ж : 





a, Aja, + 42,7 + да, 2B, lab, + &a,b, 20, [Galo thao, | 
8,5, = А,|+ 40° da, 1+28В. | + 4a4b, + 3a,b,] +20, + 90; + фазбај, (24а) 
В,е, А, 2B, |+ 4a,b, 2C, |+ 10,0, 
(1—n?)a, | 4, дада, 4 à,d, | 2B, a,b, 4 ба, Е 20, laic + 406; 
(8,—n?)b, + = A, | када, +а,а + 2B, |+ ар. + 0,4) +20, |+ Кас, Нас), (245) 
(В, — поје, . --А,| -. „| 2В,1+3(а.6, +6,а;)} 260, | + (QC, ta,c, ul _ 
(1—4n?)a, А, За. + Заа, | 2B, $a,b,+0,b,+0,4,1 2C, (hac, + ас, 
(B,—4n*)b, = А, +аа+а.а. |+2В, + ja,b,+4a,b, | 2C, +а,6, + зас, ‚ --(240) 
(B, —4n*)c, A, 2В,'+ 34.0. + 4a,b. 2C, |+ 3440, + фас 

+ фас, . 
(1 —9n?)a, А, јаја, *a,a,| 2B, ida, b, + $4.60, 2C, i$a,04 + 3a40, 
(8,—9n?)b, = A, +0,4; + ОВ, |+а,6, +а.6, '+20,,+4,c,+¢,4, |, (24d) 
(8, — 9n?)c, A, 2B, \+4a,b,+4a,b, 2C,!+4a,c,+ іса, 


where terms in the same horizontal line are to be considered together except the 
expressions within square brackets which are same in each case. 


To get the first approximation for а,, 4,; by, b, and c,, c, interms of а, we neglect 
on the right hand side of (24) in the expressions within the square brackets all terms 


other than in а, only, giving us 








A 
aly = 34,05, b = Fi ai, Со = oF ai, 
A o 3 
1 A 1 А д 
п. = — 14 ал, b, = 9 В, и а, бо == 28, E 41, 


To evalute the first order approximations for n*, ay; b,, ba; c, and с, we suostitute 
these values and n = 1 in the required equations. We have taken n = 1 as is suggested 
by first equation of (20) the coefficient of q, being unity on the left hand side. We 
obtained these co-efficients as follows: 
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bon Ll (544, , А,В,(88, — 8) | A,C,(88, — 8) 
= в I аў, 

(8,—1) 6 28. (8: —4) 283(B3 — 4) 
1 bios 8). А.С, «88. — ON al a. 


е Dre ео в 


dies jut, 2 A,B, (88,—8) | А,0,(88, — 3) a 
6 — 28,0,— j 38,6, - 














: - [-44. A,B, "S а, 
| 8 В.-4 В, 2(8, —9)' 


А.А, А,В, s 0, 
(4 m4 ——— + 
У 3 ГЫ —4 1O y 











To get the second approximation for these coefficients we substitute the first order 
values in the mght hand side of each of the equations (24) retaining only terms upto 
а,, ба and од. This process was repeated a number of times Ш we got the values of 
these coefficients to the desired degree of accuracy. In this note we repeated this 
process four times to ensure occurcy upto five places of decimals. 
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NOTE ОМ A CIRCULAR CUBIC WITH А REAL | 
COINCIDENCE POINT AT INFINITY 


By 
. Harmas Власні AND. Biswarup Мокневл, Calcutta 





(Received June 28, 1950) — 
INTRODUCTION 


This short paper deals primanly with a circular cubic I, having ils real point (К) 
at infinity for a coincidence point and only secondarily with the more general type of 
cubice (circular or otherwise), having, of course, К for a coincidence point. Although for 
the most part only the bicureal+ type of cubic (with a real coincidence point’ at infinity) 
is contemplated, still а good many of the results, obtained in this paper, will, when 
properly modified, hold also for the unicursal cubic. 

As a matter of convenience the parer has been divided into two sections. Вес. I 
disposes of the subject geometrically by aid of the Theory oi Residuation. Then Вес. IT 
treats of the subject analytically by using homogeneous as well as Cartesian systems of 
coordinates. Incidentally we have had to make use of the traditional properties of the 
mixed invariants Ө, Ө’, attached to a pair of-conics. E 

For the sake of brevity a coincidencé point (of a plane cubic Г) has been contracted 
ав в "'c-point". Throughout this paper the symbols I, J have been used to denote the 
two circular pointes at infinity and the symbol K stands for the third point (obviously real) 
where I' is met by the line at infinity. "E 

` For the sake of clearness, we re-state* here the main result (marked F in Art. 5):— 

If a circular cubic Г partakes of any one-of the following properties, viz. 

(1) that Ив real point at infinity should be a c-point, 
(0) that one of Ив cyclic points should be а c-po'nt, 
(ti) that one of its cyclic points should lie on the real asymptote, 

(iv) that one of its centres of inversion should be а c-point, 

and (v) that the osculating circle at a centre of inversion should pass through a 
cyclic point, 

then Г must partake of all.the remaining properties. Furthermore а circular cubic Г, 

endowed with one (and, therefore, with all) of the five properties, can, by an appropriate 

choice of rectangular Cartesian axes, be thrown into the form: 


2 f(z? + у") Alu? - 1)z-2Auy] = Е(г—А)(у — из), 


where К, A, и are constants 





T As is well-known, a cubic—or, for the matter of that, any algebraic plane curve—is said to be bicursal 
or untcursal, according as its defictency (or gents) is 1 or 0. | 

* ТЬ is at the wise suggestion of the learned referee that Prop. F (Art. 6) has been re-atated in the 
Introducti on. 
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Although for the purpose of rapprochement we have at times felt constrained to 
touch on known results, still the major portion of the results, embodied in this paper, 
is believed to be new. At any rate, we are not aware whether the problem jn its present 
aspect has attracted much attention heretofore. 


SECTION I 
(Geometrical Investigation based on the Theory of Residuation) 


1. Suppose (Fig.1) that а (bieursal) circular cubic Г has ив real point (К) at 
infinity for a c-point (i.e., a coincidence point). If then I, J be the two circular points at 
infinity (lying of course on Г), we have the two equations of residuation: 

[1+J+K]=0 and. [9K] = 0. m (2) 

В further that @ and А are respectively the first and second tangentials of К 
we have the two additional relations, via. 

[2К +2] 20 and [2%+4А]=0. | (3), (4) 

Remarking that the four equations (1), (2), (8), (4), taken together, automaticlly lead to 

the subsidiary relations: 

[92] = 0, [94] =0 and [24+К] =0, (5), (6), (7) 


we conclude that а and A also are o-points 
and that K is the tangential of A. Then K K 


coimeides with its own third tangential—a fact, 
otherwise implied in the very assumption 
that К is а c-point, Needless lo say, similar 
properties hold also for the other two c-points 
а and A. In other words КаА counts as one 
among the twenty-four  H-iriangles (i.e., 
Hart-triangles) of the cubic. In view of its 
intringic importance, Кад will be designated 
in this paper as the ''principal" H-triangle 
of Г. 





Inasmuch as the combination of (1), (2), ` Fig. 1. 
(8), (4) gives rise to another subsidiary ` 
relation, viz., 


[4 +1+4] = 0, (8) 


it appears that the c-point с, which is obviously the point, where the real asymptote 
of Г meets the cubic again, counis as one among the sixteen cyclic points of Г. 
Accordingly « will be designated as the “principal” cyclic point of Г. Moreover the 
c-point A, which is easily seen, by (7), to be one of the four centres of inversion, will be- 
designated as the ‘‘principal’’ centre of inversion, possessing the distinctive property that 
it is the tangential of the ‘‘principal’’ cyclic point (or, what is the same thing) the second 
tangential of the real point K at infinity. 
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Suppose now that B is any one of the four cenires of inversion (taken at random) 
and that В’ is the point, where the osculating circle at В cuts Г again. We then have 
the equations of residuation : | | 


[2B--K] 20 and [38+8'/+1+Ј] = 0. (9), (10) 
Because (9), (10), combined with (1), (2), give: 
[48'+1+Ј] = 0, (11) 


it follows that В’ is а cyclic point. Thus for a circular cubic Г, restricted by the 
condition (2), the osculating circle at any one of the four centres of inversion (say В) 
meets Г at а cyclic point В’, In the particular case when В becomes the “principal” 
centre ef inversion, В’ 18 easily verified to coincide with the ‘‘princtpal’’ cyclic point ч. 
For, the equations (1), (2), (8) and (4) automatically lead to: 


[8BA+a+I+J] = 0, 

proving the point at issue. 

The results obtained in this article may then be summed up in fhe form ofa 
proposition .— | 

Prop. A—If а bicursal circular cubic Г has its real point К at infinity for a 
c point, then : 

(i) one of the cyclic points must be a c-point, 
(ii) one of the cyclic points muat lie on the real asymptote, 
(iti) one of the centres of inversion must be а c-point, 
and (iv) the circle of curvature of Г at any of its (four) centres of inversion must 
pass through a cyclic point, 

In the next article we shall examine how far the converse of the afore-mentioned 
properties is valid. 

9. There are several cases to consider. 

Case I. Firstly suppose that one of the cyclic points (say а) ів а c-point. Then 
we start with the equations (1), (5) and (8) and thence easliy deduce (2) and (8). 

We then arrive at the proposition ‘— 

Prop. B—I/ one of the cyclic points (say, ч) of a circular cubic Г be а c-point 
then the real point (К) of Г at infinity must also be а c-point and a itself will lie on the 
real asymptote of the cubic. 


Case II. Secondly, suppose that one of the centres of inversion (say, A) ва 
c-point. 
Then we start with (6), (7) and deduce (2) immediately. 
We thus establish the proposition :— 
Prop. C—If one of the centres of inversion of a circular cubic be a c-point, then 
the real point (К) of Г at infinity must also be a c-point. | 


Case ПЛ. Thirdly, suppose that the osculating circle of а oireular cubic Г at a 
centre of inversion (B) passes through a cyclic point (B’). Then at the very outset we 
have the relations (9), (10), (11), besides (1). -Plainly this combination of equations leads 
in the long run to (2), We thus arrive at the proposition.— ^^‘ | 
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Prop. D—If the osculating circle of a circular cubic Г at a centre of inversion 
goes through a cyclic point, the real point К (on Г) an infinity must be a c-point, 

The converse propositions, corresponding to different phases of Prop. А being thus 
disposed of by tbe geometrical theory of residuation, we propose to devote Вес. II to the 
analytical aspect, and to form homogeneous ав well as Cartesian equations of the general 
as well as the special type of cubic, having 8 real c-point at infinity. 


Вестам П 
(Analytical method based on the use of homogeneous and Cartesian coordinates) 


8. Suppose (Fig. 2) that Г is an unrestricted cubic (circular or otherwise), having 
the triangle of reference for one of its H-triangles. If the tangentials of A, B, C be 
В, С, A respectively, the equation to I' is known* to be 


pure + 922 + та*у +scye = 0, (12) 


where p:q:7:8 are three effective parameters. 
Manifestly (12) can be alternatively put in each of the following symbolic forms: 


Sg = —та?у, Sly —-—pzr's, 87: = — дух, (18), (14), (15) 
where bhe three conies S, 5’, S" are defined Бу: | 
В = (у? +вуг + фет = 0, |) 

B! =723 + зат + дку = 0, (1) 


and 
S" = px? + зху + туз = 0, 


Observing that the three right lines z = 0, 2=0, y = 0 touch the three cones 
B, 8, S" respectively at the points А, B, C and interpreting geometrically the 


А 


=O Y=O 


B C 
Fig 2 
homogeneous equations (18), (14), (15) of Г, we readily realise that S, S', S" are 
respectively the osculating conics of Гађа, B,C... | 





* To be given three correlated c-points, viz., the vertices of an Н -triangle :3 evidently tantamount to 
8X2 ог 6 conditions. Во it is mset and proper that the typical equation of the cubie should involve (9—8) ог 8 
arbitrary constants. It is hardly necessary t» remark that if in the H-triangle the tangentials of A, B, C 
were respectively C, А, B insted of B, C, A, the equation to Г would assume the form: 
| рат ts eyz = 0, 
[Cf : Hilton (1920), р. 288, Ex. 2]. 
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Remarking that the mixed invariant Ө’, attaching to the conic.pam (S, S") is nil 
and referring to known lemmas*, we infer that there must exist а triangle, selj-conjugate 


to S but circumscribed about S'. Similar relations must from symmetry subsist between 
the conics (5/, 57) and between (S", 8). 


Evidently the pelar conics U, U’, U” of the three vertices (А, B, C) of the H-triangle 
А В C тш. т. t. the сос Г are respectively : 


U =4у? + вуз +2 раз = 0, 
Ul = rz? + вав + да2у =0 г (П) 
and U! = pz! + згу + дтуг = 0. ] 


The mixed invariant Ө, attaching to the conic-pair (U, U’) being easily seen to 
vanish, we conclude, on referring once again to the afore-mentioned articles of Salmon 
and Askwith, that there must exist a triangle. self-conjugate to U but inscribed in U'. 
Symmetry shews that similar relations subs'st between (U’, U”) and between (U/, 0) 


The results obtained in this article may then be summed up in the form of a 
substantive proposition :— 


Prop. E—If a bicursai cubic Г (circular or otherwise) has ABC for one of its 
(twentyfour) Hart-triangles, such that the tangentialst of A, B, О, ае respectively 
B, C, А, and if (5, 8', S") be the three osculating conics and (И, U!, 0") the three polar 
conics, answering to the points A, B, C, then: 


Í there must exist a A, self-conjugate w. т. t. S but circumcribed about 5', 


(i) | 1) у) 2) "E 2) 5! ” » E S", 
E ) S" Sj 


and 
there must exist a А, aelf-conjugate w. т. t. U but inscribed in U’, 


, n 
dy НЕ] МЕ 3) )) U 1) U. ? 
| )) +) 2) 2) 


4. Having disposed of the more general type of cubic in the foregoing article, 
we shall now revert to the consideration of the special variety of cubic, discussed in Sec. I. 
Retaining our previous notations and conventions, we may choose the ‘‘principal’’ 
H-triangle Кад (Fig. 8) as the triangle of reference. For the sake of precision, suppose 
that the homogeneous equations of the three sides Ka, «A and AK of the triangle of 
reference are respectively : 


DU 4 U. 


?3 


* Vide Salmon (1911), $ 875, p. 840 and Askwith (1935), § 870, p. 889. 

+ It is hardly necessary to add thet in the alternative case when the tangentials o1 4, В, C are 
respectively C, A, B, instead of B, С, 4, the two conics of each of the pairs (5 5“), (S"S , (SS), (U'U*), (UU), 
and (UU') are to change places, in order that the geometrical relations, mentioned 1р (1) and (11), may hold 
good. 
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X=0, Y20 and Z=0. 
Then the homogeneous equation to Г must necessarily be of the type: 
axX*Z+b0Y°X+cZ*7¥+dXYZ = 0, (16) 


where a :b :c:d are parameters. 





Fig. 3. 


If we now choose « as the origin of rectangular Cartesian axes, the real asymptote 
(«К) аз the y-axis, so that the z-axis 13 the line through а perpendicular to «К, it is 
clear that the Cartesian equation of «А must be of the form. у = uz. The multiplicative 
constants, inherently present in the structure of the homogeneous coordinates X, Y, Z, 
can evidently be so adjusted that the mutual relations between the two sets of coordinates 
(X, У, Z) and (z, y) may be representable in the forms. 
Х=е, Z=y-pe and Z-z-—A. (17) 
Bubstitution of (17) in (16) at once gives the Cartesian equation of Г in the form: 
az*(z — А) + bz(y — ра)? + c(z — A)*(y — uz) + de(z —A)(y —ua) = 0. (18) 
For (18) to define a circular cubic it is essential that the set of homogeneous cubie 
terms on the L.S. of (18), viz, 
ag? + ba (y — ра)? + cz? (y — ра) + da?(y — ux) 
should involve each of the two linear factors у +12, (i=  —1). 
The requisite conditions being easily seen to bo: 
а = b(1+p*) and c+d = р, (19) 


the Cartesian equation of Г ean without much difficulty be thrown into the symbolic form: 


aS = k(z—A)(y- uz), (20) 
where S is a circle and Ё а constant, given by: 


СА 
I | 

Regard being had to the tangency of the line (x = A) with the cirele (S = 0) at 
the ''prinecipal' centre of inversion A (A, Ад), we easily find, on interpreting the equation 
(20) geo netrically, that the circle S osculates the cubic T at A (Fig 4). Evidently this 
result 18 quite ın consonanoe with (1v) of Prop. А. It зз worth mentioning that, whereas, 
generally speaking, the osculaling circle at any of the four centres of inversion goes 


Ва? + у“ + А(џиз—1):—дАду and k 


||| 


(21) 
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through some cyclic point of Г, the osculating circle at the ‘‘principal’’ centre of inversion 
goes through the ‘‘principal’’ cyclic point of the curve. 





Fig. 4 


If the transformation-scheme (17) be kept in view, one can readily deduce from 
(1) and (11): 

(a) that the osculating conics (S, 9’, 57) of Г answering to the ‘‘principal’’ centre 
of inveraion A, the real point (К) of Г at infinity and the ‘‘principal’’ cyclic point (а) 
are representable in the Cartesian forms: 


S =b(y—pax)? + d(@—A)(y — pe) + az(e — A) = 0, (22) 
S'sc(a—dA)*? +da(e—-A) + ba(y — ра) = 0, (23) 
and B" = ах? + dz(y — ра) +6(%—^)(у-— из) = 0, (24) 


and (b) that the polar conics (U, U’, U^) of the same three points are representable 
in the Cartesian forms: 


U =b(y—pa)? + d(z А)(у — uz) + 2az(z — А) = 0, (25) 
U! zo(z—A)* +dz(x—A) + 9bz(y — uz) = 0); (28) 
and 07 zaz* + dz(y — ua) + 20(2-А)(у – ра) = 0. (27) 


Interested readers may at pleasure utilise the six Cartesian equations (22)-(27) 
with the attached conditions (19) so as {о investigate further geometrical relations among 
(S, S", S") and (U, U', 0"), other than those already mentioned in Prop. E. 

B. We shall now close this topic by recapitulating some of the results of this section 
along with those of the previous section. In fact, i$ we amalgamate Props. А, B, C, D 
and attend to the results of Art. 4, we may finalise our conclusions in the following 
form.— | | 

Prop. F—If a circular cubic Г partakes of any one of the following properties, viz., 

(i) that its real point at infinity should be a c-point, 

(п) that ome ој its cyclic points should ба a c-point, 
(Hi) that one of its cyclic points should lie on the real asymptote, 
(iv) that one of its centres of inversion should be а c-point, 
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and (v) that the osculating circle at a centre of inversion should pass through a cyclic 
point, then it (Г) must partake of all the remaining properties. Furthermore, a circular 
cubic Г endowed with one ‘and, therefore, ui ith all) of the five properties can, by an 
appropriate choice of rectangular Cartesian azes, be thrown into the form: 

fe?  y* + А(и*—1)а—2Ару} = K(z -Л)(у — ua), 
where К, А, u are constants. 
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А THEOREM CONCERNING AN ASYMPTOTIC INTEGRAL 


Ву 
L. С. Hsu, Cambridge, England 


(Communicated by the Secretary—Receiwed January 4, 1951) 


Let E be a linear measurable set contained ın (a, b) Let e(z) and all the 
functions of Íf,(z)) be mtegrable in Lebesgue sen-e over the set E. Under suitable 
conditions we shall give in this note an asymptotic evaluation of the integral 


1, = | баду (аба)... 898, 0) 
Е 
as п -> оо. Ihe resulë will include Laplace-Darboux’s asymptotic formula, Beppo 
Levi's extension (Levi, 1946) and the generalization mentioned ın Pólya-Szegó's Analysis 
(Pólya-Szegó, 1925) as special cases. We shall need the following 
Definition. A sequence of functions {f,,(x)t are said to attain their positive absolute 
maximum uniformly ata = é, if for any given d > 0, there is аб > 0 (independent of n) 
such that, for all n, | 
fa (e) | = ] (0) – 8, whenever |2т—ё|;>4. (2) 
An asymptotic evaluation of 1, 18 contained in the following 
Theorem. Let eq), filz), fá(z), ..., Ја (2), ...(а<ае < 5) be uniformly bounded 
real-valued functions Lebesgue integrable over E(Ecc(a, b)) such that 
(1) ffa(æ)} attain their positive absolute maximum uniformly at an interior point 
сој E, 
(n) È belongs to both the Lebesgue set for the characteristic function of E and the 
Lebesgue set for g(x) with giz) 40, = 
(Hi) there exists a constant А > О such that 


lien fs) — fs) |] т—{ =, (0< Ка < го) (8) 


where lim Ка > 0, lim Ка < оо, and all the limite k,'s are attained uniformly with regard 


to n as x -э E Then for n large we have 


NET 2D /Aje( А) ... №(&) | | (4) 
"ARC P(E) + Oif) +: + (Кај (ЕР 
If the second half of hypothesis (i) concerning p(x) is replaced by 
(ii) both e(£—) and ф(ё +) exist and do not vanish, 
then as a corollary of the theorem we have the following 
asymptotic expressicn 
Iss I'1/A)(g(£ —) + 2 + У (8) fal ).. . ја) | (5) 
Aj, ГРС) + (А10) + +++ + (Кој fO CPP 
The classical Laplace’s asymptotic formula (Widder, 1940) can easily be deduced from (5) 
by assuming fa(z) = f(z), A = 2, ky = k = – 4810) > 0, e(£—) = +6 +) = Ф(0), E = (a, b). 
Similarly, B. Levi's formula is а special case of (5) with }»(=) = f(z), № =k > 0, 
g(£—) = g(£ +) = e(£), Е = (а, b), 
2—17838P—8 
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Proof of the Theorem. Here we shall generalize the method of Laplace and 
Widder (1946). Note that eg(z)fi(z)...fa(z)/(f(...fu(6) < plz) where the dominat- 
mg function | g(x) is integrable. Во clearly Ф(7)/ (2) . fa(æ) is integrable for every n. 
Let E, = En(a, 2), E, = En(£t,b), во that E = E U E,. Wnte 





‚= У). (8 
Tt suffices to consider the integral 
; An J f(x)... fni) d 
| пе (ја) n 


For, the case where E, is — by E, can be treated exactly in the eame жау. 
Using hypothesis (i), (111) and applying logarithmic expansion we easily find that (within a 
certain neighbourhood of €, say z—£|« A) 


log (fa) fs (0) = – Ва] 2-Е M1 + ale, ЈИ), |) 
where the fact that 6,(z, £) > 0 uniformly with respect to n as 2 => £ is easily justified by 
noticing that lim Ка > 0, im kn < оо, bound f,(£) 2» 0. Consequently we have 


Һа)... fala) _ e Loud k Бела а ва dice 
ja hip 7 Om Im = $ вођи) +6)], where ба, = 6. — (0) 


Since 6, > 0 uniformiy as 2 -> б, and lim ј (2) < eo, it follows that 
A ИО + le, 9) = се, (10) 


provided that = 1s sufficiently near С. This fact permits us to transform a dominating 
part of J, into Eulerian integral by making n — оо. so that the asymptotic value of Ja 
can be determined therefrom. Моге precisely, for an arbitrary e >> 0 we have to choose 
а small interval with length d > 0, вау (E, £-- d) = U, во that J, can be expressed ав 


= f ppf rD oxp 1: 140+ Геба) 8] exp [+++ ]4= 


вай 


+ | | LAT та) exp [.-. ] dz = L, + La + L. 


*i 


Further, m terms of the characteristic function ví) of E, we may express 


+10 
L, = | Ai e(£)x(z) exp [... ]dz 
£ 


ё+а 1A +d VA 
= | A, Ф(6) ехр[.  ]dz- f АЕ) [х (2) - A(] exp [...] da 
é { 


=Д,+ 1, 
where x(£) = 1, since £ 18 в point of E. 
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. Note that 412 exp[...] 2028s" — œ, for all zin E,—(E,nU). Thus clearly 
for any fixed small d = d(c) >0 we can always determine N = N(d)>0 so large that 
[1 | < є whenever n > М. We shall now show that L, = o(1), L, = o(1) for large n and 
small d. By hypothesis (1) we may denote 


Wa) = É ietu)-e(f))du = оа) (28, (11) 


во that ¥(£) = 0. For given в(0 « e < 1) we may always choose d > 0 во small that 
|ба(2, 2) |< є, | у(2)] < 6] z—- | whenever [z—6|zxd, п=1,2,3,... (12) 
Thus integration by parts gives 


E+E Wa NK: 
| La | <f An |e(z) -e(£) Jexpl -Iz- £P > ChE- 9) 142 
€ =] 
£d 
= J(E--d)AY^ exp [—d(1—6)A,] – || | Ax^y(z) E exp [- 1 – 94 а] | da 


£4 
= o(1) -A1 - )4; ^ ] (=) (= — £^-! exp [— (1-5) А»(= — O^]de, (18) 
é 


where the term o(1)(n — оо) is implied by An exp [—dj(1—¢)4,] > 0. Now using (12) 
and making the substitution 


"A (1— А (2—2) = #, (ар ё) (14) 
we easily find that the second term of (13) is less than 


ё+а 
вл (1 —в)д | (z — £P exp [ - (1 —«)А (2 — c^ ]de 
ё 


< а) | А-а = (c). 
0 
This shows that | „| can be made as small as we like, provided that d is chosen to be 
sufficiently small and п is allowed to tend to infinity, Moreover, by exactly the same 
treatment we easily find that L, = o(1), since Ls; 16 similar to L, and hypothsis 
(ii) implies 


| [х(ч)-х(@14и = 0(|#-&|) (20). (15) 


Hence the dominating part of J, should be L,. In fact, by the uniformity of 
0, — Q(x > {) and by the transformation 


A,(a-£) = 8, (am E) (16) 
1$ can easily be shown that, for n -> со, 


4,d^ 
Lo 18 | от ~ lograr, (17) 
0 


since Ада“ — со as n => оо, Now since Ja ~ L, il follows that 
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Joha)... falada ~ АА) Ө... fall) (18) 


Е, 


Similarly we may obtain the same asymptotic expression for J Е.. Hence we have th» 
formula (4). 

Remark. If H = (6-4, €+d) and и EnH) denotes the Lebesgue measure of 
EH, then ıt is immediately deduced from (15) that 

Jig; EURO ED =1. 
d-+0 

In other words, the density (Cf. Titch marsh, 1082) of E at & is unity. Conversely, if Ё is 
any point of E at which the density is 1, then £ must belong to the Lebesgue set for the 
characteristic function х(2). Hence the first part of hypothesis (Uu) may also be 
replaced by | 

(u)* Е has unity density at x = С. 


(19) 
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ON THE CONVERGENCE. AND SUMMABILITY—(C, 1) OF АМ 
ANALOGOUS CONJUGATE FOURIER SERIES 


By 
А. М. Crax, Lucknow 


(Communicated by Dr. 8 C. Mitra—Recetved January 17, 1951) 


Mitra (1949) has shown, that if we have a sequence 
1 rix 
(az) = = ] f(t) сов [nz sin 4—2) ]dt 
А | 


oo 
then the series $aj(z)-- > a'z), henceforward called the Analogous Fourier series, 
a=] І 


converges to f(z) under the same conditions as the Fourier series; he further showed 
that the conditions for the series to be summable-(C, 1) to f(z) are also the same in 
both the cases. i 


The object of the present paper is to prove that 1f we have a sequence defined by 
2: 
{b,(z)} = -5 J f(t) sin [пл sin 4(#— e) jdt 
0 


then the series > b,,(z), henceforward called the Analogous Conjugate Fourier series, 
ATI ‘ 


converges to . 





TQ — Е 45) dt 
TO) утв) 
under the same conditions as the conjugate Fourier series; further, that the conditions 


for the conjugate series to be summable-(C, 1) to f(z) are also the same in both the 
саве. 


It is interesting to note here that f(z) is not exactly the same for the (wo conjugate 
вег1өв. 
I. We may also note here that 


b,(x) = — l NTC sin [45 sin 4(#— 2) |dt 
18 defined for all real values of 8. Bince (Watson, 1922, p. 22) 
sin [ет sin $(t—2)] = 2$ J ane 1 (27) sin &(2n + 1)(t —2) ; ; 
we have on multiplying both sides by f(t) and integrating term-by-term 
bola) = „Је О д) 


where 1 /“ 
6. (=) = – = J f(t) sin &(2n +1)(#— г)а7, 
“9 


provided that term-by-term integration 18 permissible. 
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Again since, (Watson, 1922, p. 588) 


J Tanla) ии = 0 (mEn) 
0 





= E (m = n) 
we have on multiplying (A) by J,4,,(z1)2 ^! and integrating term-by-term 
| ба шанца тада = 1 Enla) (В) 


The relations (А) and (В) show that, given the sequence {5„(2)| we can construct 
the sequence {b,(x)}; and vice-versa. 


II. Convergence of the Analogous Fourier series and its conjugate series. 


If 
ad,(z) = 5 ML cos [na sin à(£ — z) ]dt 
6. (2) =— 1 [f dita in 4(£—2)]dt B 
n(x) = — 5 | КО sin [пл sin $(£—2)] | 
and је + 2л) = f(z) 
and if | 
df] = ja, + X аа); 90] = b.) (2) 


then the n-th partial sums 3,(2) = S,(z; f) and 5, (2) = S4(z; f) respectively of the series 
H[f] and O[f] can be written as: 


8,(z) = 5 Г f(t + 2) A, (0а? | 
j (8) 


and Qe 
= 1 m 
Ба (2) = — 5 | [+ а)А „(0а | 
where 
_ Sin [ (n + ул sin $1] 
x m 2 sin [$n sin 4t] 
and 


А» (D) = 998 [ат вір $t] сов [(n + 3)s sin $t] | (4) 
| 2 gm [hw sin dt | 


The functions A, and A,, will be called the Analogous Dirichlet Kernel and the Analogous 
Dirichlet Conjugate Kernel respectively. 


Let К ze = 
В» (2) = Sc) —{а„; S, (a) = (<) m 46,3 (5) 
and we have 
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S, (a) E 1 f(x + А (dt | 
(6) 
and E^ 2 c | 
Se --1 || ке + 02404 | 
0 
where As sia [пл gin &t | | 
^ 2tg| да sin 4t] | 5 
and Art) = 1.008 [nz sin $t] | 
" о sin M] | 


If = 1, then (Watson, 1922, р. 638). 
« 12 n 
x А | cos [пт sin $ Е = ntry (пл) — 4nd, (пп) 
H 
0 


* 
as n -> co, Ша, >1 


Putting Г. = Si оа) ) ара 1, = = 8 (а) and observing that А a(t ) is even while A,(t) 
18 odd we have 


Ed | 9(0 __ 5 Па | 

Is 2 A Оба [фт sin #1] uiid d | 8 

(8) 
and шыны у Т Е {1 — сов [n sin 4 |141 | 
е 2 Ј 2tg [4r s'n dt | ] 


where e(t) and y(t) have their usual meanings, viz., 
p(t) = Ке + + 2 — 9 Ка) and Y(t) = Де +) -f(z —1). 


Putting z sin 3t = u, we have 


* = f p*(t) sin nt di 
T , digit v (т^ — t?) 


and 52 f V*(t)(1— cos nt) 5, 
à , 21544. у (п? — t?) 


where g*(u, = e(t) and V*(u) = y(t). 


| 
у (9) 
| 








Let 
d es 1 Bn ni *(tdt | 
о “tert 
and | o 
> T 1-—ocosníi ,, 
eme tydt 
/ п | Иез ^t | 
then 
* « a t 1 L 
поћи] а o1 ру - | 4 | 
d (11) 


=» st "1-—cos пі |- 1 | 
In-J = – *(t fe m 
А 26931 a V (n3 =t) т 
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ың: PO 1) ana. ы 
aight ly (m —U) x 24548 LU (7 —0) m 
are summable in (0, z) it follows by the Riemann-Lebesgue Theorem that as n — со, 
I;—J4— 0 | 
к, бави | S dla 
: , Sig (TU) m 

on the sole assumption that f(x) is summaole in (0, п) and is periodic. Hence, as п — оо 

8% (2) > f(z) it J, —0 (19) 
and - i (* pet) » dt 

8,(2)> — | £4. _ 

Е |, Bight (r^ — t) 

it Е f vod 
"Л 2bgkt 


We see that J. and 5 do not at all differ respectively from 8; апа 8», the correspond- ' 
ing partial sums of the Fourier series of f(x) and 1ts conjugate series. 

From the relation connecting t and u [u = «sin $t] all the usual conditions for 
8» and В» will be applieable to J » and J, respectively and vice-versa. 


Hence we have: 
The Analogous Dini’s Test: If the first of the integrale 


| Г [70] at || а (18) 
9tgit | 9tgit ’ 
0 0 
ів finite, then S[f] converges at x to the sum f(x). If the second integral is finite, 5 [f] 
converges at the point х to the value which we shall denote by f(x), where 
| “уч dt 


0 =) Bit Vin cU) 


For the proof we notice that 8»(2) —с-„{(2) and S,(x)—f(a), by Eqs. (10), are 
respectively Fourier sine and cosine coefficients of integrable functions. 

III. Summability-(C, 1) of Analogous Fourier Series. 

From Mitra (1949, SIII) we know that if 


С„(@) = (A+A, + ane + 44 4)/n 


nC,(t) = $(sin [nz sin it] /sin [$r sin 31])*. 
The expression C,(t), henceforward called the Analogous Fejer's Kernel, satisfies 
all the three properties of positive kernels and basing our proof exactly on the lines of 
Zygmund (1985) it is easy to ргоуе*: 


then 


* As the summability — (0,1) of the Analogous Fourier series has previous!y been dealt with by 
Mitra (1949, 5117), a bare outline of the proof is given here. This proof is different from that given by him 
pnd leads us to prove the Analogous Fejer’s Theorem and the corollaries. All phig can éasily be verified, 
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e Analogous’ Fejer’s Theorem: If the limits (8+0) exist, ФЛ, 

1а, + 5 a, (e), i8 summable-(C, 1) at the point х to the value #[[(2+0) xf ое 

м =] | 
particular, if | is continuous at x, Ф[]] is summable there to the value f(x). If f is 
continuous at every point of an internal I = < a, b >, S [f] is uniformly summable in I, 

From the Analogous Fejer's theorem all the usual corollaries, which are true in the 
case of Fourier series, can be easily-derived for the Analogous Fourier series, 

IV. Summability —(C, 1) of the Analogous Conjugate Fourier Series. 


Let 
са = (Sa S, +++ rS, |n, then 


а = -4f (n — 1) cos [42 sin 34] — сов [т sin $t] 


0 
— ... — сов [42% — lr sin it] y ја: 
sin [47 sin #] 


СОТ pow n sin [7 sin at] — gin [пт sin 3: | аз 


án 2 віп? | ёл sin $t 


i.e. di at 0 _ 1 [Саш [na sin 45] Ра 
H tel $r sin 4t] ia 4n B 2 sin [$r sin 4t] ш 


Let r sin 4# = v and evaluating as in SII: 


m y*(t) dt _ 1 gin nt y*(t) 
ont = 2 н di 





— aS e 


teat (mi) —t) 2 о 2 sin? bt (22—09) 








Puttin 
B sin nt w(t) dt 
"ud 2 gin? $$ 
we have 
Lm rab (t) y (т? — t?) т 
` Therefore г 7 | 1 Г 1 "m | 1 1] m 
IL Son А 2 віп? 3$ y (r^ — t?) 


and as the integral on the right exists we have 


1,—J,-0 ав п— оо. 


Hence the condition for $[f] to be — 1) to the sum 


fa) =- | ESL T 


о 2581 М e TEA 


b 
ecomes " ee l yi ве y*(t)dt = 0. 
sın şt 
Hence all the theorems on (C, 1)- cca ue of Conjugate Fourier Series follow 
easily. 


8—1788P—8 
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SOME SIMPLE PROBLEMS OF THICK CONICAL SHELLS 


By 
Боѕні, CHANDRA Das Gurra, Hooghly, West Bengal . 


(Beceived April, 4, 1951) 
Introduction 


The object of this paper is to find stresses in a thick shell bounded by co-axial 
conical surfaces due to an axial force and a couple about the axis applied at the common 
vertex. The problem of a solid cone under an axial foree and a couple were solved by 
Michell (1900) and Ghosh (1986) respectively. А different but more direct method 18 
employed in this paper to find some simple results which are believed to be new. 

1. BSíresses т a conical shell due to an azial force. 

Let и, v, w stand for components и,, us, и, in polar co-ordinates. Then assuming 
that w 15 zero and и, v are independent of the azimuthal angle $, we get the equations 
of equilibrium under no body forces as, 


А Qu OQ . | 
А АЕР Жл ЧИН de = 
(A + ди) Ba a rn (луг gin 9) = 0 
(1) 
(А + 2p) sin 99 — 2 E («ут sin 0) = 0 | 
where, 
ди ш, lOv, v У 
A m ELO 4 2 
5r s T 86 г cone (2) 
_ ov 9 _ 1 ди, 
ET т GÓ И 
Let 
u = 110) ond v = 180), (4) 
T T 
г being the distance from the common vertex. Then from (2), (8) and (4) we get, 
да =- Рб (5) 
T 
= 109) LP) 140) 
А = 2+ + cot 6 (8) 
where dashes denote differentiation with respect to 9. 
It ів clear that the equations (1) are satisfied if we take, 
А = _ ЕР, = 6 (7) 


T 
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16 = „(8° -2+ К ЈЕ. E {kuD, sin 6 — 94D, cot 6 -- ди E, совес 6} 


and 
2w = – 2:818 (8) 
where % 
k= 9 
А + 2р (9) 
and D, is а constant. 
From (5) and (8) we get, 
fi (06) = D, cos 0 D, (10) 
where D, is a constant. 
Substituting the expression for f/,(6) and А im (6) we get, 
1.00) + fa(8) cot 0 = —(К + 1)D, coa 0 — D,. 
or, 
а ,. _ (k+ *) ; ; 
Jő {sin 0 f,(8)} = ( 5) віп 20 — D, sin 8 
which gives 
m kl 
ј (0) = D, cot 6+ Е, cosec 6 — E D, sin 6 (11) 
E, being a constant. Hence finally we gef, 
= | (D, D, cos 0) (12) 
dud = (р, cob 6+ E ‚ созес 6— 131 D, sin в) . (18) 
The components of stress given by the displacements (12) and (13) are, 
‚ТТ = AA +20 = — sd (8 — 2k)uD, cos 8 - 24 D,] 
з 19v, vu 1 А 
66 = ХД + 2р ray „у= (ku D, cos 6—2yD, cot?0 — 24 E, cosec 6 cot 6} 
ue 1 (14) 
фф =АА+2д(- У col 9+ > = jr cos 6 + 24D, совес2б + ди E, cosec 6 cot 6} 
| 


бф = r$ = 0, 
' ‘The boundary conditions are that 60 and тд are to vanish simultaneously when 9 =a 


and 6 = В since 66 = 0, We see from (14) that both the relations are satisfied if, 


kD, sin 6 —2D, cot 6~2H, cosec 9 = 0 when 6 = « and 6 = В. 
Hence, К 


i kD, sina—2D, cot « — 2E, совес a = 0 | 
kD, sin 8 — 2D, cot 8—2E, cosec В = 0 
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whence we get 


2D, = – ЕР, (сова + cos £) | 


2E, = kD,(1+ сов 2. сов В) 3 (15) 


— 


So, out of three constants we express D, and Е, in terms of D,. The constant D, 
will be obtained if the magnitude of the force applied along the axis of the shell is given. 


If X,Y,Z,L,M,N be the components of the resultant traction across the 
portion of a small sphere of radius r bounded by the cone, the centre of the sphere 
being at the vertex of the conical shell, 


X = | | ст віп 0 cos ф + rô cos 6 сов ¢)r? sin 0 204%, 
Y = [| (rr sin 6 sin $-- r6 сов 6 cos ¢)r? sin 0 dédg, 


2 = [fe cos 9 —76 sin 0)r? віп 9 204%, 
| (16) 


L =| [cn gin ф)т? sin 9 204%, 
M = ffe: cos 9)7* sin 0 202%, 


№ = 0. 


since ro = 6% =) 
From (14), (15) and (16) we get, 
X=Y=L=M=N=0, | 


B 
2 = Г] {— (8—2) и), sin 0 сов°08—2д1 sin 0 cos 0 
о “а 
— kuD, віп?0 + да. О, sin 0 cos 0 + 2u E, ein бјадаф 
= 27Р ЦА (сов? 8 — сов?) + u(cos* B + соз?) (cos В — cos @)}. 
If we pute = 0. Michell’s result is obtained, vis. 


д -?spD, {Асов 8 — 1) + n(cos* + 1)(cos B — 1)], 
А + ди | 


the case of а solid cone under axial force. 
9, Stresses due to an azial couple at the vertex, 
We consider now и v-0 and w independent of » Then А = 0. The 


components of rotation are, 


—4- ТЕ | 
да, = т gin 6) (1^) 
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1 





= зе 2 
Oeo BUS 9 (wr sin 6). (2) 
The equation of equilibrium is therefore, 
9 Om. ыы 
э Ow ow Ө [дф ) 
г" = = 8 
Sri +2" = +59 Bq % cot 0 (8) 


1n absence of body forces. 
Let 


Then from (8/) we gel, 
f" (0) + f'(6) cot 6 — f(8)(cosec*8 — 2) = 0. 
It 18 evident that f(0) = А вір 0 is а solution where А is a constant. Therefore, 


= с (bh 
The stresses гб = = бф = т = $$ = 0. Boundaries 0 = « and 0 = В are threfore 


free from tractions. 


n ЗА џ gin 9 
(в) e tet ө 


As in (16) of the previous section, X = У = # = Г = М = 0, Constant A is 
determined when N is given. 


" (^ B8Ausin ө 
N= [ [ DT r sin Or" sin 0 494$ = 2тиА{8 (сов B — cos а) — (cos? B — cos*«). 
0 а 
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ON THE BENDING OF AN ELASTIC РГАТЕ—П 


Ву 
Н. М. SzNGUuPTA, Krishnagar 


(Received November 7, 1950,— Revised January 11, 1951) 


The author determined the deflexion of the central plane of a thin elliptic plate 
made of isotropic elastic material, clamped at the edge carrymg a load of weight IV 
concentrated at any point of its upper face (Sengupta, 1949). This note gives expression 
for the deflexion of the central plane of (i) a thin semi-elliptic plate clamped at the 
elliptic edge and supported along the major axis, (i) a thin semi-elliptic plate 
clamped at the elliptic edge and supported along the minor axis, and (tii) a quadrant of a 
thin elliptic plate clamped at the elliptic edge and supported along the straight 
edges, each carrying a load of weight W concentrated at any point of the upper face 
of the plate. 

Let the bounding ellipse be given by the equation 

22 [а2+1*%[0° = 1, (а>6:>0) 

Introducing elliptic co-ordinates by the transformation z-riy = с cosh (5 + in), 
(c > 0), ё = a, (а œ> 0) represents the bounding ellipse, provided а = с cosh а, b = c sinh a 
and с = y (a* — b?), 

Case I, Let в thin semi-elliptic plate be bounded by the ellipse € = « and the 
major axis. We consider the half which is given by Og ésa; 05745 л. Suppose 
that а load of weight W is concentrated at the point (y,9) where O< y< х and 
0 «— 8 < л, and that the elliptic boundary & = а is clamped and the straight boundary 
is merely supported. | 

The deflexion ot the central plane of a thin complete elliptic plate bounded by 
{ = «, and clamped there, under the action of a load of weight W concentrated at the 
point y,8 (0< y <a; 0 < < я) is given by (Sengupta, 1949) 


W 
o, утв – D +7, (1) 


where 7,7 = (z—2,)* + (у —9,)* and (x,y) are the co-ordinates of any point on the plate 
and (z,,y,) are the cartesian co-ordinates of the loaded point whose elliptic co-ordinates 
are (y,6) i.e., 





©, = ccosh y сов 4 
y, = с sinh ysin ё 


and (Timpe, 1923) 
ој = Ay+A, cosh 2¢+ (A; cosh {+ A, cosh 3&) cos п + (В; sinh é+ B, sinh 82) sin y 
+ (A, + Ag cosh 2¢ + A, cosh Аё) вов 21 + (Ва sinh 26+ B, sinh 4) sin 27 


+> [ХА „_а cosh (n —2)£ + An cosh n£ + A, cosh (n + 2)2) cos ny m 


n» 


+{В„-е sinh (п –2) + B, sinh né + Ва sinh (n + 2)£] sin пл] (9) 
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where 


= 


We? 
1687р 





2Аувіп) да = [ (cosh 2% + cosh ду + cosh 28) (2а sinh 2% — cosh 2а) 


— а ginh 4a ~ pe + Le sinh 2a + PE 
We? 8 . 
2A, sinh 24 = —— [ (cosh За + cosh 2y + cos 28) + 22 sinh 2а 
lör D 
+ Lo exp. (да) — Lj! exp. (— 2a) | 


A; (sinh 4a +2 sinh да) = 





(cosh 8a — За sinh 82) cosh a cosh y cosh 8 


(3) 


(4) 


+ Ва sinh а cosh 8» cosh y cosh ё + LB sinh З z — cosh да) exp (2) 


+ 13 sinh За + cosh 82) exp (— а) + )+81®] 


А (sinh 4а + 2 sinh 92) = - p y [8(cosh = — « sinh 2) cosh з cosh y cos 8 
+ 4a ginh 2а cosh y cos 8— LÍ + LI? + LP (8 cosh а + sinh а) exp. (—82)] 
270. 





B,(ginh 4«—2 sinh 2a) = pi^ — &(32 cosh 8а — sinh За) sinh з sinh y sinh 8 


+ 8« sinh 82 cosh « sinh y sin 8+ М{7(8 cosh 2a — sinh За) exp (а) 


+ МИ (3 cosh Ва + sinh 82) exp (—2)-- 8MT"] 


| We? 
В, (sinh 42-2 sinh 22) =< 5 





coch а — sinh а) sinh а sinh у sin д 





— Ва. sinh « cosh « sinh y gin 8— MIU ss M? — МУ (cosh x +8 sinh а) exp (— —3a)] 


As(sinh ба + 8 sinh да) = —4A, sinh 4a + Ln [(4« sinh 4x — совһ 4o) 
r 


+204” sinh 42 + LP (2 sinh 42 + cosh 42) exp. ( 22) +21] 


Wo? 


A,(sinh 6х + 8 sinh 22) = 2A, sinh 22 — 74-р [ (22 sinh 2а — cosh 22) 
Л 





+ LM sinh 22+ LY + ТА (sinh да +2 cosh да) exp (—4«)] 


B;(sinh ва — 3 sinh de 








= 2 E 1? cosh 4a + МЕ (2 cosh 4a + smh 4a) exp (—2а) +2М®] 
B,(sinh 62 — 8 sinh 29) 
с vee [ Mj! cosh 22+ МЎ? + МЕ Хсовћ 244 2 sinh 24) exp (—42)] 





(5) 


\ 


(ба) 


(7) 


(8; 


(9) 


(10) 


(11) 


The author regrets thet some errors of calenistion and misprints appeared in the values of the constants 


A'a and B's contained in the paper (Sengupta, 1040). Correct expression for these appear above. 


certain other obvious misprints which a reader will easily detest. 
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A, [sinh (2n +2)a + (n + 1) sinh 2a] = — Aga, [2 sinh 2na + n sinh 4«] 
We? \1) . 
ва рт f(n +2) sinh (n + 2)a + (n — 2) cosh (n + 2)«] exp (— (n — 2)«] 
т 


+ [2 ((п +2) sinh (n + дја + п cosh (n +2)a} exp (— па) + (п+2)2%] (12) 
A, [sinh (2n +2)e+(n+1) sinh 24] = А; [sinh (2n —2)a + (n — 1) sinh да 


– ато 404 sinh па + (n — 2) cosh по} exp | – (n 2)} +в 


+ Lin sinh па + (n + 2) cosh na} ехрј— (п+2)а}] (18) 
B, [sinh - + = (n+1) sinh 2a] = — B4 ,[2 sinh 2na—n sinh 4a | 





-2) sinh (n +2)e} exp {—(n—2)a} 





^g D 
+ Мп + 2) cosh (n + 2)а+ n sinh (n + 2)«] exp (— пе) + (п + 2)MQ] (14) 
B, [sinh (2n + 2)« — (п + 1) sinh 22] = B, ,[sinh (2n —2)a — (n — 1) sinh да | 














– 55-р — (n — 9)a] + nM? 

+ Мп cosh па + (n +2) sinh па} oxp{—(n+2)af (15) 
and Dt) = log4o—4 i (16) 
149) = (2log $e + 1)(çosh ду + сов 28) ^, | (17) 
L® = log $c +3 + cosh 2y сов 28 | (18) 
LY = – 4(log 4с) cosh y cos д (19) 
LQ = —4(1+ log фс) cosh y сов 8 – (cosh Зу cos 6 + cosh у eos 88) (20) 
1.48) = $ cosh Зу cos 88 —cosh y cos à (21) 
MP = — (4 log $c) sinh y sin ô i (22) 
М) = 4(1+log 4c) sinh y sin 8— (sinh ду sin ô+ sinh y sin 36) (28) 
М) = { sinh ду sın 88 — sinh y sin ô (24) 
Lg) = (1+2 log $c) + cosh 2y cos 26 (25) 
ІА?) = —4(cosh Фу cos 26 + cosh 2y сов 48) + (cosh 2y + сов 25) (26) 
1,8) = 4 cosh 4y cos 46 —$ cosh 2y cos 28 (27) 
MP = sinh ду sin 28 | (28) 
М = — (sinh 4y sin 28+ sinh 2y sın 45) | (29) 
М> = 1 sinh 4y sin 46 — $ sinh ду sin 26 (80) 
Lp = T- 7 cosh ny cos пд — 29 cosh (n — 2)у сов (n — 2) (81) 

І) =- = i {cosh (п + 2)y cos n8 + cosh ny cos (n + 2)8] 
; 4 T 5 {cosh ny сов (n. —2)8 + cosh (n—2)y cos n8] (82) 


4-1788P—8 
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2 2 | 
L = —* cosh (n +2 mtn SO 60 
О +5) cosh (n + 2)y cos (n + 2)8 nga cosh пу вов пб _ (83) 
MW = о sinh ny sin n8— FM теш sinh (n — 2)y sin (n — 2)5 (84) 
n(n — 1) (n — 1)(n —2) 
MS = - 7 1) {sinh (п + 2)y sin n8 + sinh ny sin (n + 2)8] 
2 : | 
ON ЕКЕ _9 = 
а) {siah ny sin (n —2)8 + sinh (n —2)y sin nd} (35) 
MES. enn sinh (n + 2)y sin (n + 2)6 ~ 2 sinh ny sin nô | (36) 
"” ПЭ) n(n I) 


We now place an equal weight W at the point (y, —8). The deflexion which we 
denote by w, may be shown to be given by 





7 2 ‘ 
ша = — ro(log r,—i)tu, 
where : 81D 
ro = (w—2,)*+(yt+y,)? = (z—coosh y cos 8) + (у + c sinh y sin 8)? 
and w= Á+ А, cosh 9+ (41 cosh £+ А, cosh 8£) cos 7 — (В, sinh é+ B, sinh B£) sin 1 


+ (A, + А cosh 2¢4 А, cosh 4£) cos 21 — (B; sinh 26+ B, sinh 4£) sin 27 


+ У [{4n_. cosh (n —2)£ + A, cosh nê + A, cosh (n + 2)2| cos ny 
"c 
—{B,_. sinh (u—2)E+ B, sinh пе + B, sinh (n + 2) 8 віп т] (88) 
the constants A,, B, etc. being given by the same formulae as before. 
Now, we consider the function 


о = o,—«o, = f(a, у) + 29(€, 2) (89) 
f(z, y) = -735 [{@—т,)° + (y — у) | log f(z—2,)* + (у ma 


— f{(x—a,)? + (у ул) | log {(@—2,)?+yry)t+4yy,] — (40) 
and 9(£,4) = (В; sinh é+ B, sinh 82) sin y + (B, sinh 2£ + B, sinh 42) sin 2g 


+ У (Buc, sinh (1—2) + B, sah пё+ By sinh (n + 2)£] sin ny 


n2 


/ 
Em |^: pani (Ва? + Dy" 0%) p аа 108 (z? + xy") 
C 


В, Do ... PS 2 2B, $ 462 _ д4 2 2 path _ 4 i 
+ с (12z* — 4y Зс?) + 73 (242 Вес? — с“) + Ву (257 2) ВЧ... (41) 


+ The desirability of expressing bibarmonie functions cosh пЁ oos (9—92) 7 + оозћ (т— 8) cos ng in 
caitesian co-ordinates was suggested by Prof. N. M, Basu. The plane harmonie function cosh ЗЕсов 37 may 
be found expressed. in. cartesian co-ordinates :n Love's Mathematical Theory of Elasticity on page 841 
(Third edition). 
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where the expression within the third brackets is a series of polynomials in 2 and у 
involving only even powers of y. The series 15 absolutely and uniformly convergent in a 
domain extending beyond the elliptic plate and the derivatives of all orders of the 
function defined by ¢(£, у) with respect to z and y may be had by term by term 
differentiation. 

Evidently wath = 0, throughout the semrelhptic plate O<E€<2; O«mg«r, 
excepting at the point (у, 8) ie. (z,, у). The resultant normal shearing stress [Nds 
across в вшћсеп у small closed curve with the pomt (y, 6) in its interior clearly 
balances а load ot weight IV. Also the conditions о = дојду = 0 are satisfied over 

= z, It is easily verified that f = ф = O°f/dy* = 9*%/9у* = 0 over y = 0. 

Now, the conditions at в supported edge аге о = G = 0. These at the straight edge 
y = 0, reduce to о = 0’w/dy? = 0. These are evidently satisfied by the function w ав 
defined by formulae (89), over y = ЧО It, therefore, defines the deflexion of the central 
piane of a thin semi-elliplic plate 05652; 055 7, made of isotropic elastic 
material, clamped at the ellipbe boundary and merely supported along the major axis 
under the aetion of a load of weight W concentrated at any point (у, 8) 0 « y <e, 
О «8 < п, on the upper face of the plate. 


Explicit formulae for the constants A,,’s and B,,’s may be obtained by following the 
method indicated by Happel (1921). They are 
Ag | sinh (4m + 2)a + (2m +1) sinh 22] = A,(sinh 62+ 8 sinh 2a) 
_ Тс? 
38") } 
— (L4? exp (—62) + LW exp (—10a) + LQ ехр(— 142) +... + LYR exp {— (4m —2)a}} 
+ (41,9) + 6568) +8102) E... + сто)! 
TÍLQ + 7509 + 9569 + +. 4 (Әт - 1) 231 exp (— 27) 
+ 11249) exp (— 107) + LY exp (—142) + LS? exp (~ 18a) Е 
+... +» exp 1 - (Ат + 2)а]*. (42) 
= A, (sinh ба + 3 sinh 22) 


[LAU + 5LAP ILP + + + (сте ПР exp (22) 





oe 8— $ cosh ) 
ie; pla cosh 2my сов 216 — $ cosh 2y cos 28 J exp (2a) 


+ {$ (cosh 4y сов 28 + cosh ду сов 48) 


ene 





1 (cosh (2m + 2)у соз.2 m8 + cosh 2ү cos (2m + 2)8)] 

2m + 1 

* Using в suggestion kindly offered by Prof, Konrad Ludwing of Hannover (through Prof. М. M. Basu) 
in another connection (Sengupta, 1048), the above expression 18 shortened ipto the form given by formula (48), 
Prof. Ludwig kindly points out two miepunts and an inaccuracy in the same paper. On page 98, line 27, 
сов (h—2)8/(n—1,(n—2) should be replaced by —cos (n—2)8/(n—1)(n—2); on page 24, line 24, exp (—12a) 
by exp (~14a) and on page 32, line 2, —Wc!/39»D by —W/8*D. There are still a few móre obvious 
misprints in the above paper, which a reader will easily detect. 
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+ lis ; cosh (2m + 2)y cos (дт + 2)8 — $ cosh 4y oos 45} exp (—2a) 


-(s cosh 4y cos 8-5 cosh 2y cos 28) exp ( — ба) 


1 


(дт + 1)(2m +2) 5 
"Ym +1)(2m +2) cosh (2m + 2)y cos (2m + 2) 


a т cosh 2my сов 2mà| exp | — (4m + ду}. (48) 
Bimilarly 
А ата [sinh (4m + 4)2 + (2m +2) sinh да ] = A,(sinh 4« + 2 sinh 22) 


2m + 1)y cos (2m + 1)8— S} exp (2 
e Maie cosh Gm + ју сов (2m + 1)8 — cosh y cos 8} exp (22) 


+ {4(cosh By cos à + cosh у cos 38) 


— 





TE 9 {cosb (2m + 8)y cos (2m + 1)8 + cosh (2m + 1)y cos (2m + 8)8] 





1 - 
+ | amaS cosh (2m + 3)y eos (2m + 3)8 — 4 cosh Зу cos 88 exp ( —2«) 


1 
38 cosh By cos 86 — 





) exp (~ 4a) 


1 
ii EM cosh (2m +8)y cos (2m 4-3) 


1 
Om ТЇ т +3) cosh (2m + 1)y cos (2m + 1)8} exp {— (4т + 4) | (44) 
And 
Вы [sinh (Ат + 2)а — (2т + 1) sinh 24] = B,[sinh ба —8 sinh 2a] 


Wo? 


~ [6rd Ic cosh 2my сов 2715 — $ sinh 2y sin 28 exp (да) 


+ &(sinh 4y віп 28 + sinh ду sin 46) 


"a {sinh (2m + 2)y sin 2m8 + sinh 20у sin (дт + 2)8] 





b = 
o = Binh (2m + 2)у sin (2m +2)8 — ] smb 4y em 45} exp (—2a) 


|: p 
+ (s; sinh 4y sin 48 53 sinh 2y sin 28) exp (— ба) 
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1 
dm с mn 2) 00 2)8 
las +1)(2m+4+ 2) sinh (2m + 2}y sin (2m + 2) 
1 | | 
Imm +1) sinh 2ту sin ama exp {— (4m + 24| 78 


Вата [81аћ (4m + 4)2 — (2m + 2) sinh 21] = В, (sinh 41 —2 sinh 22) 


_ We? || 1 е . _ | | 
тар Liam gg 9190 2 + Dy sin (2m + 1)8 — sinh y sin 8p exp (22) 
+ (sinh Зу sin 8 + sinh у sin 38) 


ЕЕЕ 





x 5 [sinh (2m + 8)y sin (2m + 1)8 + sinh (2m + 1)y sın (2m + 8)8] 
1 Ре 2 | " 
реа zm sinh (2m + 5)у sin (2m + 3/0 — $ sinh ду sın 88 ехр (— 22) 
4 (эв sinh By sin 88 ein y sin 5) exp ( — 42) 
2.8 1.2 


= las Enim sinh (2m + 8)у sin (2m + 8)8 


Uns sinh (2m + 1)y sın (2m + 18} expí— (4m +}. (46) 


Similar compact expressions for Азн, dioc Bom and Bii may now be easily 
written down. 

Case II, Let the loaded semi-elliptic plate be given by OS 2 252; -irany е, 
and let the load be placed at the point (y. 8) where 0 <5 у < х} —{хт<8<] 1л. We 
suppose the plate to be clamped along the curved edge and merely supported along the 
minor axis. 

Let us start with the expression for the deflexion of the mid-plane of a complete 
elliptic plate bounded by = 2, carrying a load of weight W concentrated at the point 
(y, 6) where 0s y «2; —{т<<8<]{л. The deflexion of the mid-plane is given by the 
formula (1) read with the formulae (2), (8), ... (86)— - 


The deflexion due to a load of weight W concentrated at the point. (y, s —$) is 
given by | 


"n - о ee (41) 
where 


та = (2 + 2): +(у— у) (8,2 0) 
afid 


we = Ај + A, cosh 2£ — (4, cosh С + A, cosh 8£) сов у 


+ (— у” > ЈА „_а cosh (n —2)£ + A, cosh n+ Ах cosh (n + 2)2| сов ny 


nc2 


130 H. M. SENGUPTA 
+ (Bi sinh £+ B, sinh 8£) sin у — (Ва sinh 22 + B, sinh 4£) sin 27 


Mes pov 1B4., sinh (n —2)£ + B, sinh n+ Bn sinh (n+ 2)€} sin nn. (48) 
nag 


We now consider the function 


У 


тер ЦЕ)" + (у – у) log {@—,)* + (у - 921 


ш = Wy ш; = 
—i(z + 2) + (y—y,)*} log (2 + 2,7 +(у-у,)4 +422, | +2(A; cosh 2+ A, cosh BÊ) cos 7 


+ > fá n; cosh (2n — 1)£ + Aoa+1 cosh (2n + 1) + A44, , cosh (2n + 3) cos (2n + 1)g 


nz] 


+ 9(Bs sinh 26 + B, sinh 4£) sin 29 + 2> {B,,—, sinh (2n —2)£ 


p=? 
+ Bon sinh 2n£ + Ban sink (2n + 2)£] sin 2n (49) 


It 13 easy to verify that the function defined by (49) represents the deflexion of the 
central plane of the semi-elliplic plate 0 5456 9; -ir у 25 ia clamped at the curved 
edge and merely supported along the minor axis under the action of a load of weight IV 
concentrated at any point (y, 8)(0 у <a; — іт < < іл) of the plate. 

Case ПТ. The deflexion of the central plane of the semi-elliptic plate OS ES =; 
O<7<,7, clamped along the clliptic boundary and merely supported along the major 
axis under the action of в load of weight W concentrated at the point (2,, у) where 
у, > 0 and 0 < z, [at y," [5% <1 or in elliptic co-ordinates at (y, $) where 0 <у< а 
and 0 < < r is given by 

o, = fle, y) + 26(E, 1) (50) 
where 
W ‘ ia 
Қа, у) = ^18.D [(z—2)' + (y—y,)*} log [(2 —2,)* + (у -j 
т 
| —{(@—,)*+ (у фу) Но (2 — 21)" + (у у) | +4уу,] (51) 
an 
Ф(Ё, 1) = (Bi sinh {+ B, sinh 86) sin у + (Bz sinh 2¢ + B, sinh 4£) sin 2y 


+ > {Baa sinh (n—2)£- B, anhn€+ Ba sinh (n--2)f аит. (52) 
nasab 


Let us suppose that (z,, y,) lies in the first quadrant, 1.6. #, >> 0, y, >0 and 
О < c,*/a? --y,?| b? <1. Referring to elliptic coordinates, then 0 < y <a and 0 < < ўт. 


We now suppose that another Іова of weight ТУ is concentrated at the point 
(~z, y,) 1.6. at (у 7-8). Denoting the corresponding deflexion by ws. We have 


ws = falx, y) + 29,(£, 1) (58) 
where 


fale, Y) =- go [Me tay)? + (0 Нов ее + (уу) 


— 


-— 


— (2+ z)* + (у + yylllogi(z-z)'-(-y))P-4yy;]. (54) 
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and 
Фа (£, 7) = (B, sinh €+ B, sinh 82) sin 4 – (Bs sinh 26+ B, sinh 4£) sin 2n 


+ > (—)"*'{B,_, sinh (n —2)£ + B, sinh n€+ By sinh (%+ 2) sin ny. (55) 


LE 


We now consider the function 


© = (0400; = "b Le — 1)" + (у – у) 16 (s-e)? + (y y)*] 


tiere + (учу, Hog [(2 + a)! + (y y)" (2-2) + (учу) log f(z—2,)* + (y ty 
- Цене) + (y— у) log (2 + 2,)3 + (y—y,)"}] + 4(Bs sinh 2¢ + B, sinh 4£) sin 27 


+ 53 {Виа sinh (?n — 2)£ + Bon sinh 2n£ + Bonga sinh (2n  2)6] вш 2 (56) 
n=? 

It is like-wise easy to verify that the function defined by (56) represents the 
deflexion of the mid-plane of the quadrant of a thin elliptic plate given by OS < а; 
О 7 Sia clamped along the elliptic boundary and merely supported along the straight 
edges under the action of a load W concentrated concentrated at any point (y, 8) 
O<y<7;0<8 << іт of the upper face of the plate. 
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МОТЕ ON THE ZEROS OF MODIFIED BESSEL FUNCTION ` 7 
ь DERIVATIVES | 


Ву 
А. CHanNES, Pittsburg, Pennsylvania, U. S. A. 


(Communicated by the Secretary —Receiwed November 16, 1950) 


Zeros of modified В ‘ssel functions and their derivatives are respectively required in 
solutions of boundary value probloms of first and second kind in hydrodynamics and 
-pwaveropagation. While information 18 available on zeros of the functions, попе 
appears to be on hani for zeros of derivatives. We adduce such in the following for 


the K,(z), the notation being that of Watson’s ‘‘Bessel Functions” 
A. Location of Zeros 
From the differential equation for K,(z) we obtain, for the real part of (А + д) > 0, 


(з — из) ] 2K (Az)K,(pa)de = zin Каћа) (us) - AK, (uz) E (Az) 


On setting д =X (so that A+p = 2R(A)) and z = 1, and since К, (s) takes conjugate 


values for conjugate argument, if A were a zero of K,íz) we would have 


| 2 | К(Аг) Pda = 0 
1 
which is impo sible. Hence, there are no zeros with positive real part. 


On the imaginary ax:s, 
K (re 11) K (rom 12) = (0/2877 0) + YQ). 
So there are no zeros on the imaginary axis. 
From the expression, 


клака) = (1/2) | exp [ —(ъ/%)—(®* + 2") /20] К (Zz Го) әр 
0 
valid fcr | arg (2 + 2) | < п/4, [arg Z| <r, juga | < л, we obta'n, 
|К. (re?) |? = af f exp (ЗГ К (2) + Ка) ја — К (o) y)dv]v, 


where a= ri[o, B--—v[2-r "m у = (91? сав 20 —v)]v', For Зи [4 << [0] я, 
сов др ;> 0, and the first and third terms In the curly bracket are greater than zero. 


Also, we have 

К, (а) (av) + К,(а)(1/) = r? [a+ *] Ко) 
from the differential equation. ‘This is positive for 2 > 0, hence the integrand is too and 
there are no zeros for 87/4 < |8 | « т. 
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From the expression for К (тези), il follows that there are no zeros for [ате] = я 
unless v — 1/2 is an integer, in which case the K,(z) aro simple elementary functions, 

B. Number of Zeros 

By upplying the principle of the argument in a similar fashion to that of Watson 
but to the function ІК (а), we obtain analoyously that the number of zeros of К, (=) n 
[arg а | «v is v+1/2+(1/m) arctan (cot (у + 1)п) 1.6. tho greatest even integer nearest 10 
v+1/2. 
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ON SOME GEOMETRICAL CONFIGURATIONS—I 


: By 
B. С Спаттевпзве, Calcutta 


(Received January 16, 1951) 


1. According to the well-known Erlanger Programm, different geometries are 
defined in terms of different groups of transformations. The grcups of transformations 
which give rise to the different types of classical geometries are of infinile order. А 
finite geometrical system 18 obtained by taking а finite number of geometrical objects, 
satisfying the usual incidence relations and admitting a group of transformations of finite 
order ав the group of automorphisins (Carmichael, 1957) 

Felix Klein (Klein, 1918) investigated the finite groups of symmetries of regular 
solids and showed that the basic symmetries of these solids are determined by the 
number of generators of the said group and by the orders of these generators. The 
object of this paper is to study some geometrical configurations which admit a given, 
group Of transformations of finite order, generated by two elements, as the group of 
automorphisms. | 

In а paper published recently, В. N. Sen (Sen, 1950) considers а group of finite: 
order generated by two distinct elementa (operations) each being of ordir two. The 
grcup 18 then extended to a system of double composition by the introducti n of a second 
composition, which is commututive but not necessarily assceiative, such that tbe left-hand 
distributive law is satisfiedt. This system, however, is not closed with respcot to eitber 
of the compositions. Ш the group-composition and the second composition be taken 
as multiplication and addition respectively, then the existence and uniqueness ofa 
"null element'', defined by the property а. 0 = 0, for every a belonging to the group, 
is pcssible in some special cases. In the present paper a seb of transformations iso- 
morphic to the abstract system stated above will be utilised in constructing some 
geometrical configurations possessing a centre of symmetry (corresponding to the 
“null element’’). 

2. Let G be а group generated by two distinct elements h and g, different from 
1, and sati+fying 
5 ћ = д? =l, (1) 
By virtue of (1), every element ог G сап be written in one of the forms. 

| 1, h, g, hg, gh, hgh, ghg,..., "Tn 
or, 1, k, kt, НЕ, kth, ВЕР, where k = hg, t = 1,2,.... Now since ЋЕ = 1, ог Ећ = 1 
implies either g = 1, or ћ = 1, and В = 1 implies kf = 1, it follows that G can be 
of finite order if and only if k” = 1 for some finite r. In that case every element of G 
can be put in one and only one of the forms: | 


t In Sen's paper, the generators of tho group have been denoted by 4, L and the second composition of 
the system by ‘e’, 
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DA RE рака |, (2) 
fo that the order of G will be equal to 27. 

The group G is now extended to a system A of a double composition by the 
introduction of a second composition (besides the group composition), defined for the 
elements of Gonly. This composition is assumed to be conmutative but not necessarily 
associative. ТЬ 18 further assumed that the system A admits the elements of G as 
left-hand operators. That is to say, if the second composition be written ав addition, 

h(g, +91) = hg, +19, ; 9(9: +492) = 991+ IJa ..G 
where g, and g, are any two elements of G. 

The elements of A, therefore, are of the forms: 

1, В, kt, kth, 14 h, 1- kt, ТЕ, ha kt, hoe Sh, ЕЕ, 1+1, kah: k! + kt, khe kh. (4) 
В. N. Sen has shown that in some cases there exists a unique element 0 in A, to be 
ealled henceforth the null element of A, such that 

h.0 = 0, 9.0 = 0, (5) 
во that а.0 = 0, for every а belonging to ©. The problem of finding the necessary 
and sufficient conditions for the existence of such a null element, which has been left 
open by В. М. Sen, will now be considered. | 

Since h and g are different from 1, no element of G can remain unaltered when 
multiplied by h ог g. Hence a null element of A, it it exists, must be of one of the 


last ten types of elements in (4). Now, 


h(l+h) = +-+1 ; g(L+h) = даће КЕ“ 
h(14- kf) =h+hki = htk" ; ! g(1-- kf) = g +gkt = kh + EU 
Ch(L Rh) = hc hh = h+k" ; оа) = g+gkth = АВЕ" 
ВВ) = 1+ 6 = 1+; = q(h +k!) = gh+gkt = k- +k"-t-1h 
ЫВ) = 1+hkth = 1+ 7 ; q(h- lh) = gh+gkth = kr 4 kr 
(М +ЕҺ) = hk*+hkth = k'-]hkt-; ОВ) = gk'+gk'h = kh +k" 
һә +t) = hk+ hkt = ћи“ ; gle + Bt) = уђе + gli = kth keh 
ВЕ НВ) = hktk+hkth = Пе ОВ) = ghth+-gkth = rt edant 
A(L+1) =ћ+ћ; g(1--1) = gg = + "В 
h(h--h) = 1-1; g(h --h) = gh+gh = kt КЛ, 


Thus in order that a unique null elemont 0, satisfying (5), may exist, it is necessary and 
gufficient to defins the second composition, vis., addition, in such a way that one of 
the following should hold: 
O ' 1+В = ИОВ" 
(ii) 1+0 = А+ К = ИЕ th 
(ii) | l1 k'h = ВЕ = О kr? 
(v) ВА = 14k = МИ 
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(v) БК = 1407-6 = kr c ри 
(vi) СР = khan — Карн tij 

(zh) КНР = К+ t = ар eta 

(vis) kth+k'h = Иа k"t m pru r-t- 

(iz) 1+1=h+h = kh kn 

(с) h+h= 1+1 = k pkra, 

The extent to which the algebraic system A is characterised by üs-umung one 
or other of these ten conditions will be considered in a following paper. In what follows 
a geometrical model of the system A, in which one of the above conditions 1+ satisfied, 
will be given. 

8. Let h be the reflection in the r-axis, and g the reflection in the origin ; then 
both h and g are involutory, and 


jg c eem | д: ма Шеп k = hg: БЕ. 
S 


y’ = =y y = - у= y 


k? = 1 ; hence the group G generated by h and g is of order 4, consisting of iho elements 
l, h, k, kh. Applyimg these transformations on а point P = (z,y), the configuration 
PQRS, as shown in the figure is obtained The 
point P, ©, E, S represent the elements 1, h, k, N 
kh of G. Now, let us define the sum of two R L. 
points as their mid-point and thus oblain 5 new 
points K, L, M, N, O, which represent 1+А, 1+k, 
h+kh, k+kh, 1+kh=h+k respectively. Ccndi- 
tions (ui) and (iv) of Art. 2, viz., 1+kh = h+k, 
for the existence of а null element ig satisfied. N NQ K x 
The corresponding point 0, which remains 
Invariant by all the transformations of G, is the 
centre of symmetry of the resulting configuration 
(which represents the system A of double composi- S M Q 
tion obtained by the adjunction of the eum-elements 
to the group G). It is interesting to note that 
if the system A be extended toa system A, by adjoining the sum of the elemente of A 
and similarly A, be extended to Аз, and so on, the point 0 remains the centre о! sy mmatry 
of all the configurations А;, і = 1, 2,... Finally the system 5, consisting of an infinite 
number of elements, obtained by extending the group G in such а way that S becomes 
closed with respect to addition, also possesses the very same point 0 as the null element 
(centre of symmetry). | 

Configurations having any prescribed value of r and possessing a centre of symmetry 
are obtained by taking h to be the reflection in the line y = 2 tan 9 and g to be the 
refiection in the z-axis. Starting with the point P at unit distance on the z-axis, the 
sucessive points obtained for the configuration all lie on the unit circle and correspond 
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tothe angles: 0, 26, —26, 4$, —4$, 6$, —6$,.... For а finite configuration with 2r 
pomt-, ф sho ld be taken equal to r/r. If the sum of two points be defined as their 
mid-point then the origin, which is obtained as а sum-point, is the centre of symmetry 
of the configuration. 

I wish to express my thanks to Dr. В. М. Sen for his suggestion of the problem 
aud encouragement in the preparation of this paper. 
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ON THE STRUCTURE OF JOACHIMSTAL'S CIRCLES 
OF A CONIC 


Ву 
К. HaNGASWAMI ÁiyER, Annamalainagar 


(Communicated by the Secretaig— Веселова March 16, 1951) 


1. With each poinb'P in the plane of а сопіс 5 may be associaled 108 “реда! 
tetrad’, namely, the feet of the four normais from P to X Three of the fcur feet 
determine a ''pedal triad' and its e:rcum-circle is called a Joachimstal’s eire.e (Casey 
р. 218) of 3. It follows, therefore, that the totality of Joachimstal’s circles of the conic 
constitute an oo*-domain in circle space, the groups of four Joazhimstal’s circles 
determined by a pedal tetrad having special relations. 

Taking the familiar mode (Baker, рр 6, 12, 18; of representing the circles in the 
plane by the points of а projective three-space, wherein the point-circles are represented 
by the points on a quadric surface called the ‘‘Absolute’’ we show that the Joachimetal’s 
circles “of а conie correspond to the points of a rational quartic scroll (Edge pp. 55-59, 
Salmon pp. 210-211) in the representative three-space. 

2. Let A be any point on thé conic 2, centre О; A’, the diametrically opposite 
point of A and F the foot of the perpendicular from O on the tangent at A’ to 5. If 
P be any point on the normal at A and B, C, D the feet of the other three pormals from 
P to 3, it is well known (Casey, loc. cit. рр. 217, 219) that ав P moves on the normal 
ab A, the Joachimstal’s circles BCD generate a coaxal system whose common 
points are A’ and F. We call this syslem the associated coazal system of A. Now, the 
Joachimstal’s circles of the сопіс 2 form ап oo?-system and therefore. correspond to 
the points. of a surface Г іп the representative three space Since a coaxal system 
of circles is represented by a line, 15 follows that the coaxal system of Joachimstal’s 
circles associated with a point, A on X corresponds to a generator of Г. 

Let A and A, be two points on X; it is known that the coaxal system of Joachim- 
stal’s circles associated with A and A, have no member іп common. Further, as there 
is one coaxal system associated with each point оп X we see that the correspon lmg lines 
in [8] are all generators of Г; thus F is a rulod surfaco. We now proceed to show that 
the surface Г in [8] is a rational quartic scroll. 

3. Now, a ruled quartic surface, in general, is generated by establisbing а (2—2) 
correspondence between two skew lines « and f, во that to every point P on а there 
corresponds two ротіз Q, and Q, on В and vice versa; the lines jcining P to Q, and Q, 
are generators of the surface (Edge, loc, cit. р 78, 66). Thus, through each point on either 
of the lines з and В there pass two generators meeting the other line. ‘lhe lines а and В 
are the directrices of the surface. Та such a general (2—2) correspondence there will be 
four points of either line giving rise to pairs of coincident points of the other line If, 
however, the correspondence is specialised во as to give double generator, the ruled surface 
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is rational (Edge, loc. cit. pp. 59, 64, Salmon, loc, cit. р 211) since, then, every plane 
through the double generator meets the suface in а conic section. Thus, if one of tho 
planes through the double generator meets the surface again in а conic y, the quartic 
scroll is generated by the lines meeting the directrices а and В and also the conic y; the 
double generator bemg the line joining the points of intersection of а and В with the 
plane of у. 

To determine the two coaxal systems corresponding to the directrices « and В of the 
surface Г we notice that the line of centres of the coaxal system of Joachimatal’s circles 
asscclated with A 1s the perpendicular bisector of AF since these cjrcles pass through 
A and Е (Casey, loc. cit., p. 219). ТЇ this perpendicular bisector meets the major. axis 
of the conic in X and the minor axis in Y and A, and A, be the reflections of A in the. 
major and minor axis respectively, it is clear by symmetry that the coaxal systems о 
associated with A and A, have in common the circle centre X and passing through A’ and 
F while the coaxal systems associated with A and As have in common the circle centre. 
Y and passing through A’ and F. Further, it is easily seen that the circles whose 
centres are X and Y, respectively pass through the extremities of the minor and major 
axes. In symbols. if? A’ be the point (a cos 0, б sin 6) on the ellipse given by the 
canonical equation 1222 + а?у? = a?b?, the Joachimstál' 8 circles associated with A and | 
whose centres are respectively X and Y are given by the equations : 


x? + уз ME, : ) coa 6 — b? = 0 | · XD 


and 5 | 


23. LT 
ste ye @ =? sin 8y—a* = 0. (П) 


Thus, from equations (I) and (II) it follows (нї the соахя| system of circles whose 
common points are the extremities of the minor and major axes of the conie correspond 
(о the directrices а and В of Г". Furthermore, from what is said above 1 is clear that if ` 
X be any pomt on the major axis and (X) the circle of the system « having X for centre 
the two coaxal systems of Joachimstal's circles’ containing (X) will be the associated 
coaxal systems of A and A,, besides, each of these coaxal systems wi!l have a member 
belonging to В вау (У) and (Y,). Similarly given any circle (Y) cf the system B, with - 
conire Y on the minor axis, the two coaxal systems of circles associated with A and A, 
will contain (У) and each systcm will have а member in common with the system a. 
Ihus the correspondence belween the circles (X) and (Y) on + "and B is seen to be a 
(2—9) correspon “ence. We now proceed to show that the lines joining corrosponding 
points in this correspondence mect also a conie section y. 


To see this we notieo that the radical axis of the conxal system of Joachimetal’s 
circles associated with A on & is the tangent at A’ to €. Now, as there is only one line 
circle ın a general eoaxal system, it 15 obvious that the tangents to 2 are the 
Joachenistal’s line circles and their reprerentaive points in [3] lie on Г. These line 
cireles are orthogonal to the circle point at infinity in [8] and besides, as only two 
langents to 5 pass through any point, there are just two Joachimstal’s line circles 
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orthogonal to any circle. Thus in the representative three space the Joachimstal's line 
circles are represented by the points of a conio у which lies on Г. Further more, 
it is clear that the coaxal system of Joachimstal’s circles associated with any point 
A on X, which corresponds to a generator of Г meets the conic y in just one point and 
cuts the directries « and В in the points corresponding to the circles X and У. As the 
coaxal systems of circles « and В have no member in common, the lines « and В are 
skew and meet the plane of y in two points U and У which correspond respectively to the 
minor and major axes of the conie X while the two points in which the line UV meets 
y correspond to the asymptotes of 2. Thus Г ів а quartic scroll having « and for 
directrices and UV for a double generator. 


4. Now any plane z through the double generator UV cuts Г in a conic, the 
points of which correspond to the Joachimstal’s circles orthogonal to some circle 
concentric with 2; that ıs orthogonal to the director circle of some conic X, coaxal 
with 2. If BCD be в triangle inscribed in 2 and self polar for 2, then BCD is apolar 
to the contact tetrad of Z and 2, which form the vertices of an inscribed rectangle of 
> (Vaidyanathswamy рр. 296-302). Thus BOD is а реја! triad and moreover its 
cireumeirele, which ig a Joachimstal’s circle 1s by Gaskin’s theorem, orthogonal to the 
director circle of 2. Hence the points of the conic in which the plane т meets Г 
correspond t> ths circum-cireles of triangles inscribed in & and self polar for а conic 2, 
coaxai with 2; (Vaidyanathswamy, loc. cit, p. 801). 


We now proceed to derive the equation to the surface I' in the representative three 
space, by taking for homogeneous coordinales of the врасз the special tetracyclic 
coordinates* referred to the four circles, namely, the circles on the major and minor 
axes ав diameters and the principal axes of the conic 2 regarded as line circles. Now, 
the coaxal system of Joachimstal‘s circles associated with any point A on & corresponds 
to a generator of I' and in this coaxal system there are two circles (X) and (Y) belonging 
to the system « and В respectively. ‘Thus, the equation to any circle of the system 
associated with A ean, by equations (I) and (1I) be written in the form: 





pee, а“ 14 
p farry- совр [ат yt ві у 810 0-а} = 0 (ILI) 


which may be rewritten in the form: 


2 2 3 2 2 а“ а" = b? = 
pic? + y? — 53) + pie’ + у? —a?t—- p y &n 0 = 0 (ТУ) 








NT „аз — b? 
cos 6, т= р ДЕ NE 





E ия Ес а? 0 
бар; у= р, C=-p вш 6. (V) 


Eliminating 9 we have the equation to the surface Г in the form: 


* If C120; С.=0; C420; Cy=0 be the canonical equations of four circles, then the special tetracyclio 
coordinates of any circle EC; +C,+(C3+7C,=0 are (Е, n, (, т) referred to these four fundamental circles. 


2—1788Р—4 
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a UD bip = (a? — 0° Én. (VI) 
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TRANSVERSE VIBRATION OF А WOODEN PLATE 


Ву 
SUSHIL CHANDRA Das Сорта, Chinsurah 


(Received May 4, 1951) 


Timoshenko (1922) gave an exact solution of transverse vibration of a thin strip of 
isotropic plate. But wooden plates cannot be considered as isotropic. 

If from an orthotropic material a flat plata is cut parallel to a plane of elastic 
symmetry, it will have two perpendicular axes of symmetry in the plane of the plate. An 
example of this kind of plale is є plain-sawn board. The æ axis and y-axis are taken 
paraile! to axes of symmetry. The problem will be treated as one of plane stress. 

We can assume the components of stress and strain in an orthotropic Plate as 
connected by the following relations (cf. Bassel Smith, 1949) : 


E, ow 

1 с 
by = р X. (1) 
в = i 
ry Шау у 


In these equations E, and Ey are Young's moduli in the z— and y-— directions 
respectively ogy is the ratio of contraction parallel to y-axis to the extension parallel to 
z-axis and similarly cy, is the ratio of contraction parallel to z-axis to the extension 
parallel to y-axis. The quantity pay ів the modulus of rigidily associated with z— and 
y — directions. In the саве of plane-sawn plate of Stikka-spruce the experimental results 
are as follows (cf. B. Smith, 1949): 
Ех = 1'679 х10° Ъ/т? 
Ву = `076х 10° Dyin? | 
Pay = '112x10° Њут | | | 9) 
Tey = ‘464 J 
For the type of plates we have considered Tayl Eg = су, Ey. Henceforward 
Fa, Ey, оу» суз will be denoted by E,, Ea, с, ос; respectively. 
The equations of motion aie, 


(8) 
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Let 
и = SF ЭК and о =: 98 Ох (4) 


and each of u, v contain a factor cos (pt). Бо from (8) and (4), 
— рр*(фа + Xy) = А{фа + (1—0 Хау + Тафалуј + Ci20szy + Хууу — Хали] 
— pp? (py — Ха) = О{2фалу + Хару — Xaas) + В {фууу — Хају + TrPary + ТаХару | " 
b, 


where, 4 = , B= К, and С = y and the sutfixes denote partial differen- 
— 0104 l—o,0, 








tiations with respect to that variable. 


It is assumed, ф = R sin (zz) sinh (афу)! 
(6) 
x = 8 сов (az) cosh ч 


where В, S, q, « are constants. On substitution of (0) in (5), 
ВА — pn?) – (2C + Av,)q*} + 48((A — рп") – (do, + 0) – Cq"} = 0 
qR((pn? —2C — Bo) + Ва} — S(C— pn?) + q'(C- В + Во, = 0 | 


(7) 


where n? = р? /а?. 
Eliminating В, S from (7), 
(А — pn?) — (20 + Ас, )4 (С — pn?) + 4%(0— B + Ва)! 
+ q*((A — pr?) — (Ас, + C) - Са (pn? —2C — Ва,) + Bq*} = 0. (8) 


Let А—рт =G \ 
C—pn? = Н 
у | (9) 
O- Áo, = Lb 
С+ Во. = М 
Equation (8) is therefore, 
(G—Lq* —Cq*)(H + Ма? Bq’) +а (G—-L-Cq')( -H-M-Bq*) 20 


or, 
(1—9*)(CBgq*-q* (GB - LM --CH)- GH] = 0 (10) 


It wil be shewn later that the solution q? = 1 of equation (10) does not give a relevant 
golution of the problem. Therefore, 

CBq*—q?(GB-LM+CH)+GH = 0. (11) 
Let 9, and q, be two posit.ve real roots of equation (11), it being assumed pn? « C < А, 
In fact it can be shewn for Stikka-spruce the equation (11) Баз two positive real roots. 


For in that саге, | 
А = 1'715 x 10° Ibs/in? 


В = '077х 10% los/in? 
C = .112х10° Беј 
Day = `464 


Сух = 921, во thut 
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GB-LM+CH = 124 x 10°—°189pn? which 25 positive since pn? < C 1,0. 112 x 10 
Therefore, from (6), 
ф = sin (2218, sinh (zq,y) + В, sinh (zq,y)} | / 
; ‚ (12) 
= co (15){5, tinh (ад, у) + S, smh (7q,y)t 


п, 8,, Ва 5, being constants. The boundary conditions are that the surfuces у= с 
must be frre from traction 1.6. X, = У, = Фабу=с. Then, 
фуу + софа — (1— 04) Хау = 0 | 
(18) 
2флу + Хуу— Хав = О | 
ab у = tc and for all г. From (7), 


=] —] 
R, =-5т; q, and В =-5.то 9, 
where, 


E (A — pn?) – (Ae, +С) – Cq,” М 
mu 0 pn Аа Ci 14 
К (A — рпз) -- (20 + Ас,ја ue) 


and similar expression for mz’, q, being substituted for д,. ‘Therefore from (12) aud (13), 
Р, sinh (29,¢){gi-7, + (1-0,)m,} + В, sinh (4,0)92-e,*(—0)mj =0 ) 7 
R, cosh (24.6429. +т,8, +т,97 |+ В, cosh (24,с) (29,4 т,д, + тад {= 0 | n 
The frequency equation is oblained by eliminating R,, R, from equation (15) i.c. | 
{qi-o,+(1 —o,)m,}{2q,+m,q,+ mq) | tanh (20,0) 
= [02—о, +(1— от, Од, + туй, + m,qi Напћ (одус). (16) 


For an isotropic material, 


A= В=А+2ц 
> | 
=> | 


G = А+д— рт 
Н = u- рт 
L=M = С+ Ас, = C+ Во, = Афин 


Hence equat.on (11) has the 100í8 


? 
„Ре. Е И РЕ Я. 
1 А + 2р 


2 
qi-1--.-1-f 
д 


taking "'imoshenko's notations. Then the frequeocy oquation (18) is given by 
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41-12 1-й? tanh (= угт) = (2—h?*)? tanh (T /i-n) 


where lis the wavelength. ‘This 18 Timoshenko's exact frequency equalion for 1вобгор.е 
plate. If l be large we get the Rayleigh frequency equation, 


16(1 — P)(1—À?) = (2—h?)*. 


In particular when А = y, P = (0194) J^ 
p 


It can now be shown that the solution q? = 1 of equation (10) is not a relevant one. 
А combination of q? = 1 and one of the other roots is not permissible. То see this, if we 
pub 9, = 1, so that from (14) m, = —1, the frequency equation (15) becomes an identity 
each side being equal to zero. | 
Inserting the values of ту and mj’ from (14) in the frequency equation (16), it is 
found that 
. (qi - U(as* 7 1) 
(А — pn?) – (Ас, + С) – ба? (A — p?) - (Ao, + C) - Cg] 
can be removed from both sides of the equation. Therefore the frequency equation (16) 
for large wave lengths can be written as, 
{B(pn* — A) + BCq,* + Ва, (С + Во.) (рт — A) – Вела, д, 

-[B(pn* — A + Са") + Во, (С + Во) (рт — A) - Ва,д "ја, = 0, (17) 
since С + Be, = C+Ac,. Evidently the left-hand-side of (17) contains a factor 4, — Ча. 
Dividing by this factor, we get 

B'Cv,0,0,* - (B'e,(pn? — A) + Взо (С + Bo) + ВС(рп? — А)ја а» 
— B?c,(pn? — 4)(4,* + 93°) - BC(pn? — AY – Bo, (pn? — A)(C + Bo;) = 0. (18) 


Substituting for фу t 4,7, 9142 and 9,9. we have after some reduction and writing ¢ for pn?, 
СА) = STIRO prit - Ay + Вог. (19) 


Let 
_ 2 _ВбС- 
О. 
When ¢ = 0, f(<) is negativa. When & =, C, f(E) 18 positive. Hence there must be a 
real root betwaen O and С. Taking the data for Stikka-spruce ib is seen that the value 
of n? still remains approximately (‘9194)?(C/p). 


A Wt — A)? + Ве. 


Ноовньх Mostyn COLLEGE 
CHINSURAH 
Werart BENGAL 
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А NOTE ON THE RATIO OF TWO NON-CENTRAL CHI-SQUARES 


By 
. D. H. Brate, Bombay 


(Communicated by the secretary — Received May 14, 1951) 


Letz;bea random variate normally distributed N(u,, 1). хрв are independent 
among themselves, i = 1, 2... m. Also let у; be a random variate normally distributed 
Ми), 1). уув are independent among themselves and are independent of zps. ј = 1, 
4...1 | 
Let | 

№ = Уш and А = Зи. 


Then m 9 n 
| и = Ух, and Да a 


will have non-central x? distributions given by 


в-^: | A,” иіт+т-1 
Е, “ius фр = 
РЧ) = us Gerri Tamer ^ C pcm i 


and TC 
вр А ФИН _ РЕ 
Ро) = Sa A HELP Ry Оо" (2) 
ј ms 
Then the distribution of F’ = u/v will be given by 


" © ТА T(gm-4- 4n r4 К) p'himtr-i 
PF) = олып. > > 1 Пен DARREN E ev 
р(Е”) = в Ls 912 Tcr) Dn E) (ГЕ Pyme bern (8) 


This reduces to ordinary F distribution when А, = А, = 0, Let us define E(z^*) as the 
3^ inverse moment if it exists. If £,, and ё, are two independent variates, then the 8 


moment of = £,/£, will be the product of s moment of £' and the &'^ inverse moment 
of Ё, if ib exists. ЈЕ the s inverse moment of £^ does not exists then it follows that the 


8 moment of w will not exist. 
The p^ moment of u = Ух, 18 given by 


ry _ 29. T(4m + p) 
pplu) = Tma 


and the р inverse moment of v = Уу; will be given by 


, _ 2 9.I'(4n— p) 
p.-pt) = COPS 


Hence the р“ moment of Е’ = u/v will be given by 


iF ,(—p, im, — $À) 
F(p, dn, — АЛ.) 


иу) zs us(u).u - (v) => a ur РЕ уп, — 12). ЈЕ (р, 4m, —{А„). (4) 


This can also be obtained directly from (8) after certam simplifications, 


" 


[18 р. H. BHATE 


Particular саве: —If A, = 0, then v = Xy. will be а central y’. 
Then the distribution of F = u[v will be given by 


ЖО А" Гт+{п+т) (Рут 
F) = — Ум е р ВЫЕ, 
кы ar ri Tm rj Ign) (ГРАН 











= = D(üm-jn), Fiv: N'ümctin,1(AY К 
Т Тл) KD (jm), aa) (+8)! 
_ Е ) {фт + 1n). Fin-i m n m ы 
ЕВЕ Ја + in) Еј в, (= 2° 2° e) 
– о (1 № \ Гатьм) Е Q( » m (АРУ 
= exp ( 2 пет Гат). Гап) (+ Fy? ( 2'9" 14F (5) 
The k^ moment of this distributions can be shown to be 
pe ТОА) Tan og Ck din, ЖА), (0) 


m) Гап) 
The following recurrence relations between the moments р’ cau be easily obtained from 
the recurrence relations between the momenta of а non-central x? distribution. 


„Жк АЕ д. и n—-2k—-2  , dwi 
i тој EHT (k+1)(m + 26) ' dA, 

(7). 
ME n) En (m + 9k)(k +1) а "ah 1 
EE (5 "hus “шше па Куш Ai 


[Е is easy to calculate all the moments of this distribution with the help of (7). 
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ADVANCEMENT OF FLUID OVER AN INFINITE PLATE | 


Ву 
5. D. Nigam, Agra 


(Communicated by the secretary —Received March 16, 1951) 
Part I Boundary layer flow 
ÍN1RODUOTION 


An infinite plate defined by the equation y = 0 is placed on the 2z-plane. Axis of 
г 18 taken along the length of the plate and the axis of у perpendicular to it. At the 
tims #= 0 the fluid occupies a vast expanse of space, for which, 2 < 0, and the front 
surface of the fluid, the plane æ = 0, starts moving with a constant velocily U, in the 
z-direction. After an interval of time t the stream has advanced a distance т = Ой 
along the plete. The front surface at any instant is defined by the equation 2 = U,t, 
which is always kept moving with a constant velocity U,. The components of velocity 
are non-existent fo: х > U,t, because the column of fluid has not advanced so far. 


Equation of motion 


The boundary !ayer equation is 


Opa ——pUI у — 1 
at Әт ду : ду: п) 
The equation of cont.nuity 18 
би , Ov : 
б< oe (2) 


where и is the component of velocity along the plate, v is the component of velocity 
perpendicular to the plate and v is the kinematic coefficient of viscosity. 
We introduce the stream function 


у = МУ QU, — о) И (x) (8) 
where 
n =y / АЦЕ Ut- a} 
Therefore 
и = ay у = и 
ду Oc | 
ДИ | | (4) 


3 


= iie y [f ~f (0 ] (5) 


Making these substitutions. (1 1) Е. 


Аре =0 a) 
3—1783P—4 
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where dashes denote differentiation with respect to п. The boundary conditions are 
u=v=0 on y=0, zzU. 
ie. 10) = (0) = 0 
and u= U, for у= оо, 2250: 
ne. | (о) =1 
and ч= м, for == ч, for y-O. 
We solve equation (6) by the method of successive approximations, 
In (6) we pul я = 22, the equation becomes 
+22 Р = 0. (7) 
We first solve the equation 
| fi" tef" = 0 | (9) 
‚ where f, represents the first approximate solution. 


The solution of this equation which makes 
[1 (0) = | 0) = 0 and f,’(co) = 2 is 


f, = в erf + (е-" – 1) (9) 
Мп 
Ав & second approximation we put 
= htl 
and we are content to solve the differential equation | 
fa” +28f = fifi" (10) 
or Р 
ју! + 281,” = ea Lr erf 3+ E. (в-2" —e -°)]. (11) 
N т | Мт 


The boundary conditions are 
fa (0) = f, (оо) = 0 
0) = 0 


The solution of (11) satisfying these conditions 18 














ј = = |“ (erf z)*—}26e-*" erf s-z- ge 
ыа da, (12) 
The second approximate solution 18 
f = 22 erf ғ +. (в dii vl | (erf 2)? — 12e “7 erf z 
"чут" NEUE TE ема | dz. (18) 


| Bubstituting in (4) and (5) we get the components of velocity. 


~ 
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Part II. Turbulent flow. 


The equation of motion оп the ‘Momentum Transfer theory’ of Prandtl and the 
‘Vorticity Transport theory’ of Taylor are 


евна) 2 


T(1) 


We introduce the stream function defined by the relation 
у = О.м (Ust 2) (а) 


where 
ТРЕКЕ УНИ 
y (Uot ри т) 
The components of velocity аге 
— 9% — _ ov 
ц = By’ v= Ac 
Therefore 
u = Uf (1) (д; 
= 705—9 ORAON (4) 
2A (U.t — 
Assume 


1 
918 = = 
: 2c? 





of — €) (5) 


where c is a positive unknown constant. Both РО) and 'Г(1) reduce to the ssme form: 
P= f+ e?) = 0 (6) 
where dashes denote differentiation with respect to n. The solution of (6) which makes 
u=v=0 on y=0, r< UM 
te. Ј(0) = f’(0) = 0 


and U = u for y = œ, ша Ut 
es (ео) = 1 
and u= U, for «= U,t, for y>0 is 


6- їс gin / 8r. (7) 





_ _ 2 
ТӨ) = 7 786 
The components of velocity are given by 


и = о Уве sin (я T en) | 
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1766 — ten | ( x МЗ ) V3 | 
= ии Е C — 5.1] —— 
| Е | ха wu s 
lbere formulae 1eveal that velocity is non-existent for = > U,t. The unknown 
constant c may be found by noting the velocity at any point in the turLulent region. 


In conclusion I thunk Prof. M. Ray, D.Sc. for his kind Вр im the preparation cf 
this note. 


AGRA COLLEGR, 
AGRA /INDIA) 


"aque Уи |“ uw a 
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SOME PROPERTIES OF GENERALISED HANKEL TRANSFORM 


Ву 
Ratan PRAKASH AGARWAL, Lucknow 


(Communicated by the Secretary— Received December 26, 1950) 


4. Introduction, Recently*, I have given а generalisation of the wellknown 
Hankel transform by considering the Integral equation 


је) = (3 ] (ey) Л, (427 y)g(y)dy (1.1) 
0 
where, J*(2)is Wright’s (1934) generalised Bessel function derived by the series 


Ji(z) = 
(2) т = Boy 


In the particular case when џи = 1, (1.1) yields thé known Hankel transform. І have 
also given an Inversion formula for (1.1), viz., 


9-2 ЗА [n-- X 1/ 
g(z) — em f (a zy) (в) ви 18a - DO ЈЕ yy 4p A |) йу, (1.2) 
р 


where и > 0, He A 2» 1 and "(ај and g(x) fulfil suitable conditions to make integrals in 
(1.1) and (1.2) converge. 





The object of the present paper is to develop the theory of this generalised t:ansform. 
In §§2-6 I have proved five theorems for this transform which are exactly auvalogous 
to the corresponding results in the theory of the ordinary transform but have a generalised 
appearance. Lastly, it is interesting to noté that there is no analogue of the theorem 
proved in §7, in the ordinary Hankel transform theory. 

Another interesting case of this transform which has been considered by me is 
for р = $. The kernel 


reduces to 
4 — 22 4 
Le c: (==) 2 (— ж) —-- ( " an) Jiea(— jon) 
and the kernel in /1 2) reduces to | 
М аа-аа ай) 


where J и,в(2) is Humbert’s function, defined by the series 


_ (gmin ит 
donee Tim + Ра +1) Е.т +1, +1; —« /27). 


* Cf. Thesis оп “The Theory of Hankel transform and Self-reciprecal functions,’’ approved for the 
Ph.D. degree of the Uuiversity of Lucknow, 1950. Вее also ~Agerwal (1960). 
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We shall, henceforth call two functions f(x) and g(x) connected by the relation (1.1) 
to be the Jj-transforms or the generalised Hankel transforms. In the case when p-=-l, 
we shall call them the Humbert transforms or simply Humbert pairs. 

2. Theorem 1. If E and g(x) are J}-transforms, then 


а 


а ТОҒА фр Bur) Ј, аф 


provided the integrals converge and << u zz; 1, Вел > – 1 
Proof. We have 


f) = D | eunt (=) gdy 
0 


f Ка) as = (4) a deca af pon (= -)e(dy 
0 


If the change in the order of integration be permissible, we get . 


Therefore 


үч dz = a» f y^ tg (y)dy / ТАЈ (20) dz. | - (2.2) 
0 0 o j 
Integrating with the help of an integral by Gupta (1948) 
Га +у) 
"JA(sw)da = —— . 
f: ашы Г(1+А—д-—дъу)ушУ+!' 428 


0 
valid by the principle of analylic continuation when uz; 1 and Еву:>—1 with an 


additional condition Re(A —2v) > 4 in case u = 1, we have 


f(x) dx o Path — * gly) dà 
| 5 Г(1+А-фА1+А) Л yt ? d 


which proves the incon. 
Ihe change in the order of integration in (2.2) is permissible if the integrals in 
(2.1) exist and 


2.,2 
f om (2527) дау (2.4) 
| | 
апа , - 
[on (ZF) dz (2.5) 
0 


are absolutely convergent. ‘The integral (2.4) being assumed to be absolulely convergent, 
the integral (2.5) is absolutely convergent for ReA 7 —1 and 0 < р <1 since 


ET 
ЈА (т) ~ 0 Бе ехр үе cos т}, k= 1/(u+1) 
for large values of æ and 


T(x) ~ O(1) 
for smal] values of 2. 
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Applying the principle oi analytic continuation our result is true for u<p<1, 
freA >> —1 when the integrals in (2.8) have a meaning. 
As a verification of our theorem let us consider the Humbert pair 


TOTES 
g(z) = —e 181—944 NETS 


and | 
ОФА — 1/83: 4A-- 8/4 
fix) = TRII Краш) [ReA>-1] 
BETA 
Then 
(2) 4 ОТА -1/8 
dea. РАЈ, Сам 


Integrating with the help of the integral (Watson, 1944), we get, 


Ке) 4. — ГОГА + 4) Е 
[5 da = 918- a E (Red >> —1). 


Algo evaluting the и 


( ym 1 1 
f the fre (ар (а) 


00 


PEE . lI(8)I(— 38 — in 
} = ер „(х)ах GEH m, 


by the help of 


we obtain 


Г g(2) да = oea -7/8 ГС) ГОЗА + 3) 
А гі I'(38A + $) 
wh'ch verifies our theorem. 


8. Theorem 2. If ¢,(x) and $,(z) are Ji-transjorma of 4 (2) and 4.(2) respectively, 


[ sis = f sooda 8.0) 


provided the integrals exist. 
This may be called the Parseval thecrem for our generalised Hankel Transform. 


Prooj. We have 





2) = (4) | арал (ZE) уду (6.1) 
and 
pale) = a» Ј eit (ZE) а, 8.2) 
Therefore, 


| f 908 = f d. ds. (4) | (sy tiat (TE) у, d. 


0 
Changing the order cf integration, 
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[noade = (a [vsu | tot (E) мв = Ј уу 
о 0 0 | | 0 


which proves the result. 
Assuming that the integrals (8.1) and (3.2) are absolutely convergent the change 
will therefore be justified 1f the integrals (8.0) are absolutely convergent. 


Ezample I: Let us consider the J\-transforms* 
$1 (2) = cP HK A) 


— оу“ ава ~ COO Tm +1 жАнА) (o 1, Вел > —1 
(0) = 222 > a <= | 


I(r + 3A + 3) = 
о ytt 
pala) n? 2 ar 4 


w(x) = 67“ (0p z 1, ReÀ – 3). 


and 


Then our theorem gives 


о oo a 
M Ew КО +4А + 9) ( E 
pcHte-£ Ku (ада = 2-9 f pud Nye a A T үш. 
] j pide Л” д пГачхчи)\ 4 


XS (ont усш 


п 122% 
nad 


provided both the integrals exist. 
Since 
К (2) = O(a-*e-*), for large 2, 
= О(аж“% + bà), for small 2, 


the left hand integral converges for — 1 < ReA < 8. 
Also following Wright (1940) we find that 


piii i n = 0(1) for large 2. 


nile?” 
= O(atatlts—t)), for small =. 


T(r + = + $A) (==) OY m 
Теча. = ОТ), for small 2. 
— Га +À + pr) LR 


Also 





= O(c-^-997) for largo 2. 
Hence, the integral on the right converges for ReA > —1, 0 pal. 
Now, the integral 


Г аючна-е Ky (ode 
`0 
can be evaluated with the help of the integral (Meijer, 1934) 


1). 4te- V li — н? — 91. а — 
Will!) = rr B mE J o7" E, (обиди-ыи, [Red m—h) > 0]. 





* Cf Thesis loc. ott. 
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which gives 


= 1/8 
Peek | (odz = = Иш о Шол 
Therefora, 
Pai У (—)7Г(1 *A—4pA- ur) YOGA +r +} 1227 


à => rix ort IA) — (8 
| ОТА е 1/8 
ее ME Х 
Drap: aa. 
the integral being convergent under the conditions stated above 
Example 2 Let us cosider the Humbert pair* 


(=) = ~: ^+] (2) К9(а) 


and 
Г(1+А+3р) L) " (=) 
{ ЕРИ ЬЕ БЕ. ЭШЕ 29. АНТ, ae 
| 94^ - 1/8 | 
$3(2) = Газ +") АНК dz) 
and 


(ж) = l exp (==) D -43 –оја (43) [Rea > - 1]. 


Our theorem now gives 


1 1 5 
af 22-927 (а), (=) уа. (n )exo (=) di 


_ 2BA-IBSP(1 +A + dp) 


| qtu _ і \м (2. ‚)К- р 
DG + gT(33A +) J. y exp ( -3 z) M ue и) ау 
Let us evaluate the right hand sd 


1 Tees exp ( — - Miss; Lx. pray dy 


Substitutiog the Barnes’s type of integral for К, (у) 


(Watson, 1944, р, 888) 
Tio "m = 
Ку) = 2 aan (® = 








Г (123) уаз, [Re s > Б |у |] 


and inverting the order of integration which can be easily justified, we get 





=1 f" газ р - Р-р + а [ узри exp (=z ) Мање (5 1 ) ay 
1 
‚ = 55 "оте + А — 0) Г(48 – А + yas f. у 1716-х ЈЕ (р –А; 2p41;2)d 
пі ; 
с—1® , 0 


* Thesis, loc. cit. 
4—1788P—4 
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Expanding the ,F,-funclion and integrating term by term, a process justified due to the 
uniform convergence of the ,F,-function and using the formula 


IYc)I'(c—a —b) 


Е Dos qi Е. 
Mae с=т, 


[Re(c—a — b) > 0] 


we get 


1  IY(-29) ] etie (ge + ФА - DE (4e - А + DT Gs + 1A ДОН - 15 +) de 
82m Г(1+р+А) Г(— 8+4 ДА) | 


Evaluating the residues at the poles of the integrand, we get 


0-10 


] 2^-9PJ (о) К (210 ұз ә (=) exp (a) dz 


0 


_ 2454-83 /8P(1 +А + &р)Г( + 2p) ВУ ГС—п + +— РОГА + п + 1) Г(— ёв +р)(—1)^ 
bm 





^ PUHALA + Я) Г(1+р+А) піГ(р+і+ in) 


? 


+ ~ о чено ГС 2n 2р) Г —2n — 4A +1 — 2p) 'UÜn E A + p 1) (- ^ 
У нне IT DEC а N 
n | Г'(2р+1 +") 


n we) 


+ У ОТА 8/1 In thA- ДГ in 34 ГО + an + 18A) (-2"| 
= n1I(o--3n—2A + 8) 


valid for ReA > —3, Re(2A p 3) > 0. 


4. Theorem 8. If f(x) and g(x) are J\-transforms and 


1 + 1% 
g(y) = um | х(вју“'ав (4.1) 
m. 
where, for 
8 = o ttl 


x(s) = O(e-*111), k>0, and |t| — со 
and a is а value of c in the strip 0 «c < 1, then, 


_ 1 (757 2-1 1341435) 
лї АЖА 3р) - dos] 


valid under the conditions 


f(z) ХО —8)7*zds (4.2) 
О<и<1, Ке(А-8+#) > 0. 


Proof. From (1.1), we have 


= 4 


Ка) = (4) J “ен (22 ) уолу. 
0 


4 


Substitutmg th» valua of g(y) from (4.1) we get. 


ка) = (Y 4. fewer (9) ay f xm аз) 


0 б 1205 
If the ehange in the order of integration be permissible then, 
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.(liY.1 s f: A-stt (X) 
fe) = (1) =) мов J pcr (547) ау 


2b Анна 927 


A. L —-8)х7#48 
Ari we Па Ае d 


which proves our result. 

To justify the change in the order of integration in (4.4) we see that both the s- and 
the y- integrals in (4.4) converge absolutely for Re(A—s+8) > 0 and 0 <и si. The 
repeated integral also exists since 


х(8) = О(в-* ltl), k>O as |] > со. 
Theorem 8(a). Ij we take u = 1 and 
xis) = Г ЗА + 4в)у(в) 
where ¥(s) = (1—8) in the strip 0 «c < 1 then we have 
Қа) = g(x) i.e. f(x) .8 Ry. 
Theorem 83(b). If 


1 eT 
qe) = „1. || 2+ 4A + ћају(в):- "ада 


6-10 
i.e., it is Ry where, 


у(8) = J(1— 8) 
in the strip О < c << 1, and f(x) is ita J3-transform then 


is also the J*-transform of 
_ а а ) 
Gr) = iz С (= Ta g(x) 
Ezample 1. Let us take 
x(a) = 2UT'(4A + 58 +1), in (4.1) 
Then (Titchmarsh, 1937, р. 260), g(z) = 2% [thet iente, 
Our theorem gives 
СЕ су, + 
по = d; ааны заваа 
m Г(1--фа+А1 фи – фав) 


1 рова 3A 3e) PG + А — 48) 


m рт 


Qnty и: ГО — {u +А1 — ћи — ив) 


r1T(A +1 + ur) 











In particular for p = 1, we get 
f(z) = Q344-Partie-te | a Ву function. 
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Also for д = 4, we get the Humbert pair 


g(x) = 98/ i-o ci 
and 


f(z) = 28 р (JA +i, ЗАТ; LEA, 45 dz) — да (ВА +1, А8; Ati я: 125) 
Ezample 2. Taking 


INE + је +38) Г + 48 — #8). 


Xie ОГ + 3« +46) 


Then (Titehmarsh, 1937, р. 270) 
2) pe y8ti 
7) = tr yasni 


and therefore we obtain from (4.2) 


f(a) =" т совес л(18 — kA $A) a on) CIS Га + 42+ ДА + з)?” 
QVHTY( + фа + 38) n I(14 À + ип) ГО + 3A— 38 +n) 


т совес л (4A — 18) „а нў ГО + 42+ 48 + п) а?" 
28 *'(1-- фа + 38) Депа + $8 — ФА tn) ГИ +А — Да + dup + pn) 
In particular Ир = 1 we get the Hankel pair 


htt 
(1+ г?) +{8+1 


g(x) = 


ш Ка) = Z 00860 л{$8 —4А) per prt фа А; LA, ТЕА 48; 2°) 
ITY + фа 18) #3 3 , , 


п совес r(4A — $8) 
28141 + 42 + 48) 
Ezample 3. As another illustration let us take 


(ја. 
ХИ > уе) 
This gives (Titchmarsh, 1987, р. 262) 


g(x) = a+te-4"D (а) 


28 f. (1+ 32 + 1385 138 1A, 1+ А +38; 2°) 
Гав + 4А +) ГОДА — ја + 20 (48 +34 4a). 


and 


a) = Ма $ Г(т+®х+д(—)'а” 


| 
A-t ГОА +3) 4 Ги + СА +1 + фт) кте 


5. Theorem 4. If f(z*) and g(x) are Ji-transforims and f(p) is the Laplace 
transform of ф(х), then 


g(a) = He 2 [n2] iA (23а HA ka~ Sr g(2)G(s)da 


0 
where, 
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f wr |da 
0 


| o(2)G(2) da 
0 


provided the integrals 
and 


exist and 


0,1 AB 
О<р<1, Ве (1 +11 871) 
à \4 p p2? 
is positive and not an integer. 


Proof: We have 


g(x) = : 92—9 Га? [uta [eye oi i ПА ET (ee ) "] fly*)dy 


0 





and 


ftp) = > | «sas. 
Therefore, ° 


g(a) = 10-6 { к) – (2А [н) Аж — (2/ж) (480 —1--A Tc —1) 
д 


© 


ae 2,,2\1 
x J POEEDI и (EEN cy? fosa. 
0 0 
Changing the order of integration, we get 
g(x) = lox [ в) - (2А ( «Ae - (2 явные f (ајд 
Ё 0 
lus TET i PL. lfg 
7 ] ока ВЕР СРИ И nf E) је 


0 
Expanding the Bessel function and integrating term by term, а process justified since 


the Bes:el function involved is an integral function for д > 0, we get 


g(z) = 1 a-e (к) - (2А [a)trAy—-(2 [erit san f а-а [ 8) - © [ p)-- ФА —8 [18 (2) 
А 0 : 
CYTIe ri e ROG (епу на, 


X — 
rID(L+A+r/p) & 


Tw») 
which proves our result. : 
In order to justify the change in the order of integration let us first study ths 
behaviour of G(z) for large and smail values of z. 
From the definition 


ча 3,,2 M1 
дә оон (ET a 
; 0 mS 
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which can be written after a slight change in the variable as | 
à || y-a Paaa ora oal (ZY) "ey 
А 4 
ТЕ (10+ $— (АЈ) и 1) is nob an integer then the function 
Е Р тер x? Ми 
ИОНИ WM soto en) | 
satisfies all the conditions of the Watson’s Lemma (10) regarding the asymptotic 


expansions for functions representable by the Laplace integral and is 
0(у-а [кв 1+Аўв- 0+4) for small y. 
Hence from Watson's Lemma 
G(z) = O(aG [sg - HART) -8 12), for large 2. 
Also our definition of G(s) shows that 
G(s) = O(1), for small а. 


Now the inversion of the order of integration is justified assuming that 


[ета 1а. 
0 


f “oaled 


S ; 
are convergent and 0 <p <1, Бе(# + Пји)—(Ајићи- 1) > 0. 
Example 1: Consider the operational relation 


z70-16-1 [2 = 2ptetik (24 p). 


and 


Hence, 

f(z) = 22731, (22) 
which gives us 

g(a) = 29122-2 S Datearre) _ 4)" 
= п! Z^ 
as the Ј5,+в [2 transform of fiz) valid under the conditions 
Бе(5 +др—ир) > 0 atd Вер>-1, 02:21. 
Therefore, our theorem gives that 
S фар рока (_ 4)" 
A п | gt 


— 1 дгр-(ар [ut (6 18) - 25:5 [Pdp 9-2 | g-P-le-lI*G(g)da 
p 
0 


valid under the conditions Re(2p + 5/2 фи) > 0; 0pm I. - | 
An interesting; particular case of this integral is obtained by taking и = $. We get 
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г(+ар)е ер. (24) 


— daa eoa: Со { _Г(дт+8р+ 5). (- xt Ya: 
б, | = r ID (2r + 4p 5) 162? 


9 
After an obvious change in the variable and Ея we get 
210—662 [AD y g, E 
g? 


t 





1 Ў $P +, 3038; 
= 9 -(19 (2)— mam f g- Yyirti ( ' 8 ; R^ zy À | 
I'(54 8p) 0 LE 2p+§,2p+8; 10 / ” 


valid for Rep >> — 5/4, which is a т е case of а known operational relation due to 
Gupta (1948). | 


| | 
6. Theorem 8. If f(z) and g(x) are Jj-transforms and g(p) is the Laplace 
transform of в) then, r 


ка) = [vetas 
where, : 


G(s) = 93/2573 ~ DOn + +3) — 28/2)" 
A ПА би = ЗА – dan) 


under the conditions 0 < u < 1, and Вв(^+&) is positive and not an integer. 


Proof: We have 
f(z) — ( a yt (FY - )обуду 


дф) = p | «sos. 


0 


f) = (ŁY f. exse (£9) ayy | mitos 
0 0 


Changing the order of integration, we get 


f(z) = (Ач Г V(s)ds f yes ЈЕ (ZE ) e-may (6.1) 
0 0 


Ехралфпр e-?'in ascending powers of y und integrating term by term the y-inlegral 
with the help of the integral (2.2a), we get 
"T а I'(4n-4A-4) 98M? 
= 982 ‘| ( D om 5 ж с а 
fe T А ДОРА ITA SER EA SIN) о 
The change in the order of integration 18 justified if 


(1) f om GL Je dy 


0 


апа 


‘Therefore 
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and 
(її) f nima 
у | 0 
are absolutely convergent and the repeated integral (6.1) exists. 

Assuming that the integral (и) is absolutely convergent, the integral (1) is absolutely 
ecnvergenb for0<p<1, Re àA >—§ and the repeated integral also exists for 0 <p<l 
due to the behaviour of G(s) as discussed below. 

Hence, the theorem is true for Re А > — $ and 0 <р <1. 

The term by term integration is also valid due to the uniform convergence of the 
exponential series and because G (8) 18 algo uniformly convergent for 0 <p « 1. 

As regards the behaviour of G(s) which ia defined by 


aie) = фран в-ид(®” yaa ray 
0 


16 follows thal 
G(s) = O(1) for small a. 

If (А + 8) is not an integer the function y*** (27802221?) satisfies all the conditions of 
Watson’s Lemma (Watson, 1944) for finding asymptotic expansions of functions 
represontable by Laplace Integral and is 

О(ух+8 12), for small y. 
Hence, from Watson’s Lemma | | 
G(s) = 0(8-*-81?), for large 8. 

We shal now give some illustrations of the above theorem. This theorem 18 
useful in evaluating different integrals involving the new function G(s) defined above. 

Example 1: ‘Let us consider the operational relation (Hari Shankar, 1948) 


z^ Кат, k+4—m -r 

Е ==) вл >-1. 
р“ 6 т(р?) DAD #М +4, +1; 1 (ReX > —1) 

Taking, ` 

glp) = pete W „(р 
we geb | 

к 3,,2 
ка) = a? f e*t (E. yar as (ду 
0 2 


2 
= (3) tig f v (= у) ewW 4 (У) Ту 
5 | M 





Note: It may be remarked that the above theorem has beer proved only for 0 < u « 1. Te order io 
extend the above result for the case и =.1 ie, for the ordinary Hankel Transform we have to proceed as 


follows : . " Е y i 
Potting и =1 and expanding the Bassel function in (6.1) in ascending powera of y and integrating 
term by term we get, i . PIER м о Xem a 


- à 


ка) = вр] s-A-8/2Yo)gF HATH, AHH: LEA; 2119). 
о р \, 
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Substituting the integral (Dhar, 1936) 


21У _ т їғ = ИИ ЕЕ 
В ағ) 


1 (o 
ка / ‚теги т а) (Ет 1 -eede 


and changing the order of integration we get 


о c mot o o d JN ТГ med oP —~m+4—s)ds 


Га +5 т) Г ++) 2л! 
Loren tay 
0 


Integrating the y-integral with the help of the integral (2.2a) and evaluating the 
residues ai the poles of the n we got 
qà +t 2 Карз eea m 4 r) 
(A+h+ БУ 


f(z) = QM "BEES m)IY ГА + дт – 8) 1(ф— x)" 


уе л, 


A I'(l-A-gr)r! 
valid for O«cuzx; 1, Ве(Ё+т+3)>0 and Вел >-1. The change in the order of 
integration is easily justifiable. Our theorem therefore gives that 


к аа MEME (z у” Tenane үстүнү гү 
D(k+4—m)D(k + + т) Г(1+А+ рт 2) ]' 4 


ПА ПА АЈА _ 
rIL(L+A-+ pr) 


|] k+ht+m, К-а д 
= rac] № Fa rni pl; -)9a 





Tz 


valid for Вед >> —1, Re(k xm 4 1) 0. 
Ezample 2: Next, let us consider the Operational relation | 


a 








T рз = cos 62 
then 
= 8. 
g(p) pp 


and consequently 





qiy? T 
f(a) = (руб "а foun? ) Tm pi y 


Substituting the integral c£ Barnes type for the J\-function and changing the order 
of integration, which is justified due to the absolute convergence of the integrals involved, 
we get 

5—L78BP—4 
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З ы 
4 : +6" 


eHO 
ПА лети / ITA ps) 


= CP? TY 8)T(— 3A —3 —5)L(3A + 8 + 1) (216! 
соол ee 


e - io 


Evaluating the integral by the Calculus of Rasidues, we get 


f(z) = (атта “(> D(-434—4$—)I'QA +n +) (- ET 


Г(4+А + из) п | 4 
qur I(-n-*3A42)T(n4 1) 1 (-2 y] 
4 = LL + pn— gpa — 48u) ni 4 


valid for О <p <1, Re A — 8. 
Our theorem gives 


(а) == | се сов ba ds 
valid under the conditions stated in the [e 
. .". Theorem 6, 1} 2-1 (6 f(x) is Humbert transform of g(x) where f(x) satisfies 
the condition, | 
(2 f(z)20, &>1 
(2) f(x) is not a function of А, 
where А is an integer, say n, (п = 0, 1, 2,8...), then 
Foe У De erp ens [ у-4 (3 bei (2zya) f(y)dy (7.1) 
for all finite values of є within the circle | xy | = 2/2 and provided ihe above equation 
has a meaning. 


Proof: Since Ка) 
(zr) = 0, #>1 


we have from (1.2) for p = 4 
gla) = 2717 | (ey) met rog, уудай Py зууу- (OY yy 
Putting A = n, we get i 
ero g(a) = T. e) Tang atf Inf). 
Multiplying both sides by о о, /(2n+1)! and summing for n, from zero to 


ui^ we get 


1116 У ( )"z^ Ds, 4(2 м 2=?)0(2) 
(2n +1)! 


к= 


– »р 
p | eat f (жу ^15, zt Pyt lydy 
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If the change in the order of integration and summation be permissible, we have 


М (&[ тур“ 01/9) № NR (5) 


nw) 


1 
= ee 0242 4[8n { [В 
J 2 re. jjj Pani Ву Pe (аи yt ау 
Now, summing the series by the help of а result due to Varma (1941), we get 


Q^ (—)узди-1[р),_, Е 1 | 


0 
The change in the order of integralion and summation is permissible since Lhe 


series is uniformly convergent for all finite values of а within the circle | zy | = 24/2, ав 
shown by Varma (1941). 


Hence, the result is true provided, in addition to the above conditions the series 
and the integral in (7.1) converge. 
As an illustration let us take 


f(x) = ж! "d 
= 0 х>1 


r 


Then 


- = 


9(2). = kid am lott Jata, „+ (1271/9) 





Therefore our theorem gives that 


| | | 1 
МТ оон 1 aue 223)J gii =f bei (2хуз)4у. 
2/2" 2 "(2n +1) | zn41/2 22") "+, ati (3 ) А y ei (2zys)dy 





] am thankful to Dr В В. Varma for his kind suggestions and help in the preparation 
of this paper. 
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STATIONARY GRAVITATIONAL FIELDS 


Ву : 
V. У. NABLIEAR AND К. P. ман, Benares 


(Receiwed June 18, 1951) 


Abstract 


For a stationary gravitational field as defined here no nop-trivial infinitesimal variations of the metric 
potentials exist if the material energy tensor ів not varied. The additional equations providing a criterion for 
the existence of a stationary field are derived, bree particular metrics are examined and one of the results 
obtained is that Schwarzschild'a metric of external solution is stationary so far as variations of в certain type 
preserving the spherical symmetry аге сот сегпой. Stationary gravitational metrica have a special significance 
10 relation to the molar character of general reiativity as а field theory. 


1. Introduction 
The present investigation starts from a consideration of the well-known Poisson 
equation in the Newtonian theory of gravitation, viz., 
VV = —4лр (1) 
If we consider а small variation in the potential function V, say «V,, where в 18 a small 
parameter the corresponding equation becomes 
V(V t eV) = —4пр- ednp,. (2) 
It is obvious that р, = О implies VV, 
have equations, 


O. In the general theory of relativity we 


fm = G,,— $94, 6G, (3) 


which are not linear like Poisson’s equation If the metrical potentials g,, undergo а 
similar small change and become д», + вф,, the material energy tensor changes from Ти, 
to Т„,+еТ’, The question arises, ‘What does T'a, = 0 imply?'. It is found that 
T', = 0 does not necessarily mean ф,, = 0 but it imposes certam restrictions upon the 
original metrical potentials which we investigate in the following. For the sake of 
definiteness let us consider first the case when T,, = 0. ‘The field¥equ «tions, 





Ga = 0, | (4) 
which are satisfied by ga, can аз well be satisfied by gm + є, IE Фа, satisfy certain 
obvious conditions. Thus if certain paramelers m,, m,...etc. appear in g,, we can 
have 

OG av + 80. +. а | 5 
Jav t Эт, óm, Om, OM + ( ) 


also ав а solution, ĝm, 6m,, . . . etc. being of the order of e. For example, if 
ds? = —(1—29mjr)7'dr* — 1249 —:1* sin? 6dg? + (1-2m [r)d (8) 
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is a solution we can as well have another solution 


` ав? = -àrja -2mr) + (1 -3m ry 99 | — 1240? — 12 віп? бар 
+ (1 —2т [т —28m[r)dt* (7) 
It is also true that if we have a change of coordinates as defined by 


g^ = att f(x), (8) 
where f* are infinitesimal functions, 
? Әх! Qa! gis d 
gov = Зав Ва me gag(Satf,)(8° + ЈУ) 
во that р 
9а, = Dag RS. (9) 


to the first order where f, stands for 9%; дх*. We have thus a solution with a small 
change in g,, which cannot be considered to be a new solution In the general case 
we expect that if 9,, + єФ,, also satisfy the field equations (4) we must have 








8G, 6G аа 
= a is = Qa ) + E Pa А = 0, (10) 
9g. B 7 Og. (Y а Од „ву a 


where Papy stands for Ӧр.в/Ә27 etc. Неге аге ten equations for g, s. As wo have seen 
above il is clear that if Pa, is of the form 


— Od ur CO ur a à 
Puy ты oat + дај, + gastos (11) 


the equations are integrable ‘The variations considered in (11) are treated as trivial. 
When there is no solution of equations (10) giving a non-trivial фи, the metrica! potentials 
Ja» define a stationary field The search for stationary solutions is m a way a search for 
isolated solutions in the neighbourhood of which a non-trivial physically distinct solution 
does not exist. A neighbouring solution involving a slight variation of parameter such 
ав the mass parameter is to be treated as trivial Nor do we consider as physically 
distinct а solution which is in the neighbourhood of a given solution merely by virtue 
of an infinitesimal transformation 


When the field equations are 
G,, 719,6 = кТ,, (12) 


trivial variations as given by (11) will cause a change eT, in the material energy tensor 
which we may denote by 8T,. We wish to find out if any non-trivial variations of the 
metrical potentials exist for which 8Т,, = 0. The solutions of the field equations will 
now be further restricted by additional conditions and it will be of interest to test if any 
of the well-known lIine-elements satisfy the conditions for being stationary. 


Eddington (1920) has emphasized certain aspects of general relativity as а molar 
field theory. He refers to the macroscopic field equations (12) as ''obtained solely from 
the law of gravitation by the process of averaging." Each metric potential must be 
treated as having a statistical fringe +8g,,. Only a microscopic theory can relate òga 
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to the statistical fluctuations of matter and energy at (т, y, 2, t). In the absence 
of any such theory the metrics for which non-trivial values of 8g,,, corresponding to 
01 ,, = 0, do nob exist have a special physical significance. 


9. The Additional Conditions 


Consider the line-element, 


ds? = h,,da*dar. (18) 
In empty space-we have 
| Н, = 0 (14) 
or obherwise 
Та = H,,—4h, 8, | (15) 


where H,, is the contracted Riemann-Christoffel curvature tensor corresponding to the 


metric space given by (18). We now consiber infinitesimal varlavione of the metrical 
potentials so that h,, is replaced by g,, where 


gu» Р h uy + €9,,. | | | | (16) 
Pay is obviously a tensor. Thus we have в new field which ean be considered to be а 


disturbed form of the original gravitation field. The distribution of matter will accordingly 
vary and it can be expressed as 


Ти OT, = G,,—5g4,G, - (17) 


where G,, 18 now the corresponding contracted curvature tensor for the metric (16). 
We have | 





Oh 
= Һ 18 
9 си , ( ) 
where g and № are the determinants of the metrics ga and h,, respectively. We get 
478 = h*8 -eB*P, (19) 
where 
1 Oh 
Ва = e , 2 

THE ONIS 7 155 4 


and р, q rin over only three values out of 1, 2, 8, 4 such that р E с, а + В. Herein 
and in what follows terms only up lo the first order of smal! quantities are retained 
neglecting в? and higher powers. 

Also we know that 


ў | 
[| = gn mp] (21) 
py 
and 
= 99 Kp OD ip _ ai). 
[uv,p ] (90 d cr (22) 
Substituting in the above the values of д», from (16) wo have ` 
[i T TÀ + КА, (28) 
where 


Ка, = ВГ + li^ os (24) 
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p and Гу being the Christoffel three-index symbols corsesponding to the metric 
ћи, and ФА, and Фра being three-index symbols similarly constructed in terms of Pav- 


From (28) it is obvious that K}, is a tensor. 


Now 4 С а. т с ст 
№ as 


which on substitution from (28) gives . 

Gis = H ar +є[ Кару — Kirio 3 (28) 
where a semi-colon (;) preceding в suffix denotes a covariant differentiation for the metric 
h,,.. Again using (26) together with (17) we get | 

ÒT av тт e| Еро» К gi Sh, h* (KR rg — КЕ о) m Н. g(h фр + h,,B'^] . (27) 
We вау that h, defines a stationary gravitational field if there exists no non-trivial 
solution Fay of the equations, 


ЭТ, = 0, 
that is, 
uriy — В nd ih, he В(К в wt Ков Ков) T АН а(ћевф + h,,B*8) Ex 0. (28) 
In the case when T,, = 0, the conditions (28) reduce to 
Коју“ Kwie = 0, (25) 


as is obvious from (26). 


8. Special Metrics 


In the following we examine three well-known line-elements of physical interest 
from the point of view of their being stationary when the metrical potentials are varied 
in a restricted manner. 

(a) The line-element of spherical] symmetry in the static саве, 


ds? = — в* dr? — r!d6? — т? sin? бар, + e*dt?, (10) 


where 
p = plr) and у = у) 


The values of the material energy tensor (Tolman 1984а) are аз follows: 


BrT, = —e-*([r 1/1?) + 1v, | | 





завета е У) 
BrT? = ВлТ, = —e (5 toI 4) (81) 
BrT, = e-*(py [r—1/77) + 1]r*. 
Now we consider infinitesimal variations of the metrical potentials such that the spherical 
symmetry of (80) is preserved. Thus we take 
| 9—9-«p, and ф=учей, 
where p, and y, are functions ofr alone. 
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Setting 5Т,', 67," and 8T,* equal to zero we get the foilowing three equations: 








e+ (У o i - 9) = o, (82) 
r T "7. 
Lge (2 UM teh n aL 2 AL жесе, (> = 44 a E $ E) — 0, (88) 
ia в-я gu €^*9, (=- =) = 0. (84) 
T т 27 
, Equation (84) gives Pı = afr. (35) 
which together with (82) leads to 
| V! = (1l ге jr. (86) 
Substituting in (83) from (35) and (30) we get | | 
(p V) т) = 0, (87) 
which gives g ——3 (38) 
Or j^--—lJ[r. " | (89) 
Relation (89) is physically untenable as it gives | | 
| —8rp = 1/7” (40) 
from the first of the equations (81). The solution (38) gives Schwarzschild’s line-element 
for which e? = (1-2m[r) ! (41) 
6% = (1—2т /7). (42) 


Hence the only static line-element of the form (80) which is Stationary 18 Beh warzschild's 
external solution when the variations of the metric potentials are such that the spherical 
symmetry is preserved. 

(b) The non-static line-element of spherical symmetry, 


ds? = — e° йт? — т? 46? — т? sin"6dg,? + e*dt?, (43) 
p = 97,1) and у = xr, t). 
The values of T," (Tolman 19845) are as follows: 


arf = -o= (£ +4 )+ 1 : 


where 





и ИЕ, 2 ; , i 3 D 
8тТ,* = BrT, ca (5 - Y M cM = ‚(+ Ф – 8) 
Tio Tis 2 4 Д Oy + 6 a 4 ; 


(44) 
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Considering variations of фр and у similar to those in the above case (a) we put 


ф = 9-ep, and V — Ye, 


Ф, and у, being functions of г and t. Equating to zero the first order variations in 


Т," we find that the following equations arise’ 


у: = ф, = e? [v = rer, 


provided p == 0. The equation arising out of 67,3 = 0 is 


ad РР? , г Pu ғ " 
—079 Е + qj, А 2 а | везе, [5- 


4 


ee [2i tm РЯ: | ees [? 
2 9 4 n 


Substituting from (45) in (40) we yet 


V Er lir zt), 
which leads to the solution, 


ev == rf(ir* +t), e* = 1/r. fr +t). 


(45) 





pu y а 4 
[UU € 


vi) = 0 
4 


(47) 


(48) 


corresponding to (48) the values of the material energy tensor are given by the following: 


Влт, = – Ју] +1172, 
Ват, = 8rT,* = 0, 


\ 
| 
85 T,* = fijf +17, | 
| 


ӨтТү' = thi, 
Ват, = Жу, rf, J 


(49) 


where f,, denotes differential coeffieient of the function f with respect to (4r°+1). There 
is an internal inconsistency of the values given by (49) since the identity that must be 


satisfied in this case, by the material energy tensor, viz, 


(re EE а: — Ta) = 14 T 


(50) 


18 not satisfied. Hence no non-static spherically symmetrical line-element stationary 
in the sense of this paper exists for var.ations consistent with spherical symmetry. 


(c) The cosmological line-element, 


de? = aa- OT (dr? + 1403 + 13 sin?0d@,2), (51) 


(1 + ат? [4 


where 
«=0 or +1. 


the values of T," are as follows (Tolman 1984c) : 


and ' 
8тТ,* = 3(a + 9*)/9*. 


ӨтТ,! = 8тТ„? = Bs T = (а+9фрр+ф?)/? 
(52) 


We replace o(t\ by Ф(Е) +е.ф, (t) во as to retain the :sotropic form of (51). The two 


equations that arise on equating to zero the first order variations of T,* are 


6—1788P—4 
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Ppi- 99.9 (ppp, —ap, — 9,9?) = 0 (58) 
and i | o 7 
PPP, — 09, —9,9* = 0, 
which on eliminating 9,, between them give 
фр- р? = а (54) 
for determining ф. Ава first integral we get 
pta = ар, | (55) 
where « is a constant of integration. But since 
Ват“. = 8(а +?) Гр? = За (56) 
a must be positive ог zero. ТЇ о is а non-zero positive constant we have from (52) 
8rT,! = —Srp = 8а (57) 
which is physicaily untenable. If we put = 0 (55) gives 


р? +а = 0 (58) 
which implies that а must be negative and equal to —1. (58) then leads to 
ф = (КЕ), , (59) 
k being & constant of integration. This gives the components of the material energy 
tensor 88 | 
BrT, = 8rT = 85 T, = – Вир = Е 
and (60) 
8r T,* = Впр = 0 ) 
It has been verified that (59) gives flat space-time as is also expected from equations (60). 
Thus а = +1 is untenable, a = —1 leads to flat space-time anda = 0 is obviously а 


trivial case as can be seen from the equations (58) and (51). 

We have neglected the cosmological constant A in the above analysis, But even 
if A is treated as non-zero it can be verified that no cosmological model of the type (51) 
exists which can be cosidered to be stationary for small variations of (f) consistent with 
the isotropic form of the line-element. 
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ON А THEOREM OF STONE-SAMUEL 


Bv 
Ктуовнт IsEk1, Osaka, Japan 
(Communicated by the Secretary—Recetved April 9, 1951) 
1. Fundamental concepta. 
The object of this note is to give a simple proof of a theorem of Stone generalized by 
Р. Samuel (1948, Theorem УП). 
In this section, ws shall review briefly the definitions and the results which are 
needed in our discussion. 
Let L bea partially ordered set.* We say that Т, is a semj-lattice if 
(1) any two given elements a, b of L have greatest lower bound an b. 
(2 L has а minimal element О: О = а юг аПавГ.. 
In semi-lattice L, the operation n has the following properties: 
&na-—a, anb- bna, an(bnc) = (@п ас and апо = 0. 
Алу lattice with О is obviously a semi-lattice. Throughout this paper, we use the 
terminology ‘lattice’ as a lattice with the element O. 
A subset F of a semi-lattice Г, ig called a filter if 
(1) Oc, 
(2) Рэд, Б implies Faan b, 
(3) Fsa,a-z implies zeF, 
A filter U is called a ultrafilter or & maximal filter, if there is no filter containing 
properly 0. ~ 
Then it is well known that there exists at least one ultrafilter containing a given 
filler. 


If L is a lattice, we can consider a filter called prime. A filter P ша lattice ig 
called prime if a u b eP implies ae P or beP where as usual aub denotes the join 
of a and b. | 


Definition 1. Two given elements of a semi-lattice are called U-separated, if there 


ів an ultrafilter containing ono element but not the other, 


Definition 2. Two given elements of a lattice are called P-separated, if there exists 
a prime filter containing one element but not the other, 


— In a semi-lattice L, every pair of distinct élemenks of L:s U.separated if and only 
if L has disjunction property in the sense of Wallman. 
For proof, see К. Iseki (1950, IT). 
By the notion of P-separability, we can characterize a distributive lattice: 


ызы ыш URN | 
* For {һе definitions of lattices, Boolean algebra, see $. Birkhoff (1948), 
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A necessary and sufficient condition for a lattice L to be distributive is that every 
pair of distinct elements of L be P-separated. 
For proof, see К. Iseki (1950, I or П). 
The element a’ is called the complement of а, if 
(1) апа —0 
(2) апа = О implies д < al, 
If every element of L has complement, we say that L ів complemented semi-lattice. 
If U is an ultrafilter in such а semi-lattioe, either a a U or а! в U for every а. 


9. Theorem of Stone-Samuel. 


Lemma 1. If L is a complemented seni itige with disjunction property, а = a 
for every element a т L, wheie а" = (a'y. 

Proof. Obviously a" >> а. Suppose а" > a, then there is an ultrafiller О such that 
О з а" ап Usa. Since Иза, U »a’ and О эа", which contradict. Therefore a^ = а. 

Lemma 2. А complemented semi-lattice such that а" = ais a lattice. 

Proof. We define aub —(a/n bl), We shall show that aU is the least upper 
bound ofa and b, Since a’nb’< a’, aU b = (а п 0) œa = а. Bimilarly a Ub 6. 
Let g bea, b < z, then а’, b >> 2’. Hence а ub = (ап бо! << 2" = х. This completes 
ihe proof. Therefore L is а lattice. 


Lemma 8, Let L bea ТО with disjunction property. .If every ultrafiller т L 
i8 prime, L is distributive, l 


Proof. Obvious from the theorem stated in $1. 

Lemma 4. А complemented semi-lattice L such that а" = ais a Boolean algebra 
wilh unit 1. 

Proof. We first show that L has disjunction property, Leta, b be. any elements 
such that a < b.” Let z be complement of a. If b Ng = О, then b < z' = а' = a, which 
contradicts а < b. Hence b п с О and clearly ап 2 = О. This shows L has и 

- property in the sensè of Wallman. -And by Lemma 2, L 18 a lattice. 

Let U be an ultraflter in L, if aU beU aud а, b«U, then a’, b'e U, hence 
a’ b’e U, во we have a Ub = (a n 07)" eU. Therefore обе implies-ae U or b в U. 
By the Lemma 3, L ів distributive. 0/ = 1 is obvious. Hence by the well known 
theorem, L must be & Boolean algebra with unit 1. 

Finally, we obtain the following thecrem of Samuel (1948). 


Theorem. The following propertica of a semi-lattice L are equivalent: 

G) Г has disjunction property, | 

(2) а" =a for every element а in L. и "USE a 

'(B) Lisa Boolean algebra, · | | 

(4) every filter is the meet of all ultrafiltérs containing it. 

Proof. From the Lemma 1, (1) > (2), from the Lemma 4, (2) — (8), and since 
any Boolean algebra has disjuction property, (8) -> (1). (4) > (1) is trivial. Hence it 
will suffice to prove (8) — (4). Let Е be a filter, Suppose that there is an element a in 
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L—F such tbat а is contained in every ultrafilter U containing F. a'eU DF, 
Then there is an element zin F such thata’nz=0. Hencexr<a’=a. Therefore 
ae F, which contradicts ae F. 
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BOOK REVIEW 


A, Ostrowski: Vorlesungen uber Differential-und Integralrechnung, 2nd Vol. 
Differentialrechnung auf dem Gebiete mehrerer Variablen, 
Verlag Birkhauser, Basel 1951. Price: 8. frea. 63 (bound 5, fres. 67). 


The book under review is the 2nd volume of a work on Caleulus which 18 the result 
of Professor Ostrowski’s profound knowledge aod his long experience in teaching the 
subject. The 1st volume which was issued in 1945 (sold out at present) deals with the 
Calculus of functions of one variable; the 8rd volume is expected to be published soon 
and will contain the theory of integration of the functions of several variables. The 
suoject matter of the 2nd volume is the differential calculus of functicns of more than 
one variable. A great difficulty facing every writer of a text-book is the discrepancy 
between the systematical and the methodical approach to the subject. Systematically, 
one proceeds from the general to the particular, methodically, from the easy to the 
difficult. Perhaps there is no subject where this discrepancy is felt as much as in 
Calculus. A systematical representation may start from the theory of sets and—via 
topology, partially ordered sets and general theory of measure—may come to the analysis 
of the n-space and eventually io Calculus. Only a very few young stud ents could 
benefit from such a course of lectures. On the other hand, a course on Calculus which 
as it is still prescribed m some Curricula starts with the easiest portion, namely the 
technique of differentiation and which postpones the explanation of the meaning of 
those operations to a later date, is necessarily a curse to all the students witha 
mathematical brain The psychological tact of a born teacher snd the profound 
knowledge of a scientist must be combined to produce a good book on Calculus. 
Moreover the right selection of the topics is a difficult task, Older textbooks attempted 
sometimes an encyclopaedean completeness which may fill the reader with awe and 
desperation. Modern writers of mathematical books are more inclined to err in the 
opposite direction; they use to give a well designed skeleton of their subject, but readers 
sometimes would prefer more ‘‘flesh’’ on it. 16 в very interesting to observe how the 
author of this work has attacked and solved his problem. He proceeds in steps starting 
with the easier portion of the subject (functions of one variable). Every chapter is 
treated in a systematical way and fully vigorous. There 1в no vagueness in the definition 
and no flaw in the conclusions. Nor is the reader startled by elegant tricks, but he is 
taken into confidence about the purpose of the investigation and the reason of the 
method applied, a way of proceeding whieh makes difficult things much easier. From 
numerous historical notes, the reader learns that mathematics is a living science. There 
are more than 1500 examples of all degrees of dificulty in the 2nd volume to be worked 
out by the student. ‘This fact will certainly enhance the popularity of the book with the 
teachers and the examiners of mathematics in this country. The subject matter is 
restricted in a systematical way. Vol. Ideals only with the notions: real numbers, 
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sequences of numbers and their convergence, continuous functions integration and 
derivatives. Such a limitation of the subject affords а through treatment and also а 
detailed representation of the techn'que of differentiation and integration. Complex 
numbers are not mentioned in Vol I and II, the subject being reserved for the course on 
function-theory. This restriction seems to be very wise; a superficial treat nent of the 
complex with references to analogy with the real very often breeds loose reasoning. 
Moreover differential equations, calculus of variation and Fourier series are omitted 
since these topics are the subjects of other courses. The functions of bounded variation 
are discussed only in connection with the rectification of curves. They may perhaps be 
treatel more explicitly in the 8rd volume Тһе 2nd volume begins with sets and 
poinl-sets which are discussed a; far ав ib is necessary for the later chapters. Schwarz’ 
inequality, (Heine-)Borel's and Weierstrass’ lemmas are proved. Ch. II deals with 
functions which are defined on a роіпі-зеб of the n-space, especially their continuity. 
The 8rd chapter provides a very detailed discussion of the sequences and series of 
numbers and of functions. The power-series are singled oub for a special treatment. 
The articles about the binomial series may be mentioned in particular; the chapter ends 
with the proof of Weierztrass’ theorem about the approximation of continuous functions 
by polynomials. The Chapters ТУ and У contain the most important part of the book. 
The reviewer feels some envy with the students of the present generation because they 
sre helped in this way to understand cleariy such notions as ‘оба! different‘al’’, 


, 


'Jaeobian determinant” and “‘implicit function” and they get such a flawless and quite 
ва-Пу understandable representation of the solution of systems of equations. Не 
still remembers how he had to struggle some forty years ago to bring some sense into 
the vague explanations he found in the books. The lucid representation of these topics 
in the book: under review 18 supported by an able selection of notations; their translation 
into Englsh has still to be done. Ch. VI reminds the reader that calculation is one 
of the roots of mathematics; 10 deals with numerical methods, Starting from linear 
interpolation and its applieation to interpolation into log-tables, the author proceeds to 
Lagrange’s and Gregory-Newton’s formulas (with residues). There after two methods 
of numerical differentiation (with an estimate of the error) are given. Numerical 
integration is discussed in a very detailed way (formula of the trapezoid, Simpson’s rule, 
method of Gauss). The rule of Newton-Raphson for the approximative solution of 
equations 18 treated thoroughly. The last two chapters concern the application of 
Calculus to Geometry. Here, the author has deviated from his self-imposed rule to 
omit such topics as are discussed in other regular courses of lectures. He justifies this 
exception by the foilowing remark in his preface: ‘То pass from а thoroughly elaborate 
course on Calculus to another on Differential Geometry, based on intuition, affords more 
mental strain for a student, than 16 may be expected’. At the beginning of this 
century, the lectures on Geometry were in fact often lacking the necessary rigour. A 
similar laxity was also observed in some other lectures. Besides his personal experience 
(see above) the reviewer may quote Е. Kamke who in the preface of his textbook on 
differential equations (1980) made the very outspoken remark that n quite a number of 
topics, the notions and proofs were lacking the rigour which other where in Analysis 18 
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customary. It was just this experience which made him writing books on differential 
equations. The students of that time—the generation from which now-a-day’s 
senior professors in Europe are recruited-felt mostly gliko. Should one not expect them 
to give the benefit of their own experience to their students? ‘‘Intuition’’ (different 
from vagueness) has ils proper place in teaching and research of Mathematics, 
otherwise there would not be any diagram in a good book on Calculus. The difference 
of the geometrical from the analytical point of view ів not an illegitimate reference to 
spatial intuition, but the requirement of invariance for a group of transformations. 
This fact, every University-teacher of Geometry is expected to impress on his students. 
The reviewer was much inclined to charge the author with over-pessimiem regarding the 
teaching of Geometry in Eurcpe. when he came across a remark in the Mathematical 
Reviews (Vol. 12, p. 858) and learned thal recently a famous Geometer has claimed a 
particular (apparently indefinable) kind of rigour (‘‘substantial’’ instead of ‘formal’ 
rigour) for Geometry. Therefore one must be afraid thal the sad experience which made 
the author devote so much space to the applications to Geometiy, does not date as far 
back as his student-days. At any rate those two chapters contain a host of useful 
information about that classicil subject. Moreover they include some resulls of recent 
origin, in particular in the 500 examples offered i» the reader for elaboration. 

The book is written in a fluid style and the language will bə easily understood by 
foreigners who have some knowledge of German. Printing and paper are excellent; 
a register (as was added to Vol. Г) would make the book more comfortable for reference. 
Probably the register has been omitted for keeping the price down, but even now the 
book ıs beyond the financial means of most of the seudents and the badly underpaid 
staff of the Indian Universities. It is desirable that the teachers of Mathematics in 
this country will have the opportunity to borrow the volum» from the libraries of the 
universities and other educational and scientific institutions since it is а р irticularly 
well-written aud instructive book. 
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